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EISENSTEIN SERIES OF WEIGHT 3/2. I 
BY 

TING-Yl PEl 

ABSTRACT. We prove that in the space of elliptic modular forms with weight 3/2, the 
orthogonal complement of the subspace of cusp forms with respect to the Petersson 
inner product is generated by Eisenstein series in some special cases. 

I. Introduction. It is a well-known fact that in the space of elliptic modular forms, 
the orthogonal complement of the subspace of cusp forms with respect to the 
Petersson inner product is generated by Eisenstein series if the weight is an integer 
or a half integer ~ 5/2 (see Hecke [2] and Petersson [4]). The result of Serre and 
Stark in [5] gives a somewhat different but similar decomposition for weight 1/2. In 
this paper we discuss the same problem for weight 3/2. We shall prove that under 
certain conditions on the level, the orthogonal complement is indeed generated by 
some Eisenstein series which are explicitly constructed. We plan to discuss more 
general cases in a subsequent paper. 

To state our result more precisely, let us introduce the notion of modular form of 
half integral weight, following Shimura [6]. Put 

+00 
(J(z) = ~ e(n2z), 

n=-oo 

where z is a variable on the upper half plane 
H = {z = x + iy Eel y > O} 

and e(z) = e2 'fTiz. It is known that 

(J(y(z)) = (~)fdl(CZ + d)I/2(J(Z) 

for all y = (~~) E fo(4), where y(z) = (az + b)(cz + dt l and 

d == 1 (mod4), 
d == 3 (mod 4), 

fo(N) = {(~ ~) ESL2(Z)lc==o(modN)}. 

The symbol (~) means the quadratic residue. For z E C, we define ZI/2 so that 
-7T/2 < arg(zl/2)..;;; 77/2. Put 

(1.1) j(y, z) = (~)fdl(CZ + d)I/2 fory E fo(4). 
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We have, if Yl' Y2 E ro(4), 

(1.2) j(YIY2' z) =j(Yl' Y2(Z))j(Y2' z). 

Throughout the paper we let K denote an odd positive integer, N a positive integer 
divisible by 4, N = n pe(p) its prime decomposition, and w a Dirichlet character 
modulo N with w(-l) = l. A holomorphic function f(z) on H is called a modular 
form of weight K /2 and character w if 

(i)f(y(z» = w(d)j(y, zYf(z) for all y = (~~) E ro(N), 
(ii) f is holomorphic at the cusps of SL2(Z). 

The second condition means that for any cusp d/c, there exists an element p = 
C c ~) E SL2(Z) such that p(d/c) = ioo andf(p-l(z»(cz + at K / 2 is holomorphic at 
z = ioo. The complex vector space of all suchfis denoted by M(N, K/2, w). We then 
denote by S( N, K /2, w) the subspace of cusp forms in M( N, K /2, w), and by 
f9(N, K/2, w) the orthogonal complement of S(N, K/2, w) in M(N, K/2, w). We 
write M( N, w), S( N, w) and f9( N, w) instead of M( N, 3/2, w), S( N, 3/2, w) and 
f9(N, 3/2, w) respectively in this paper. We consider also the group extension G of 
GLi (R) which consists of all the pairs {y, </>(z)}, where y = (~~) E GL:[ (R) and 
</>( Z)2 = IX det( y t 1/2( cz + d) with I IX 1= l. The multiplication law in G is given by 

{Yl'</>I(Z)}· {y2'</>2(Z)} = {YIY2'</>I(Y2(Z))</>2(Z)} (Yl'Y2 E GL:[(R)). 

If ~ = {y, </>(z)} E G,f E M(N, w), we define the operatorfl ~ by 

(fl~)(z) = </>(zr3f(Y(z)). 

Put roo = {±(~;") I m E Z}. Let us define functions E(s, w, N) and E'(s, w, N) by 

E(s, w, N)(z) = yS/2 ~ w(dy)j(y, zr3U(y, z)I-2S , 
YEf",'fo(N) 

E'(s, w, N)(z) = E(s, W, N)(-1/Nz)z-3/2, 

where dy is the lower right entry of y, z E Hand sEC, Re(s) > 1. Let Xd and X~ 
denote the primitive characters such that 

XAk) = (~) and X~(k) = (~) for (k,4d) = 1. 

Now, if w2 =1= id, we define an Eisenstein series E ( w, N) by 

E( w, N)(z) = E(O, w, N)(z). 

If N = 4D or SD, where D is an odd square-free integer, we define Eisenstein series 
Uid,4D) andfl(id, SD) by 

fl(id,4D) = E(0,id,4D) - (1 - i)(4Dr1E'(0, XD,4D). 

fl(id,SD) = E(O,id,SD) - (1- i)(SDr1E'(0, X2D,SD). 

We shall show (Lemma 2.3) that E(w, N) belongs to f9(N, w),Uid,4D) belongs to 
f9( 4D, id), and Uid, SD) belongs to f9(SD, id). Our main result in this paper is 

THEOREM. Let D be an odd square-free integer, I a positive divisor of D, and e an 
integer -;;;. 4. Then the spaces f9(4D, XI)' f9(SD, XI)' f9(SD, X2/) and f9(2 e , id) are 
generated by the Eisenstein series E( w, N) (w 2 =1= id), Uid, 4D), Uid, SD), and their 
transforms under suitably chosen elements of G. 
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This paper was written during my stay at Princeton University. It is a pleasure to 
thank Professor Goro Shimura for his valuable suggestions and encouragement. 

2. Eisenstein series of weight 3/2. We choose a set W of representatives for 
foo \ fo(N) so that 

(~ ~)~{e,d} 
is a one-to-one map of Wonto the set Wo of all ordered couples of integers {e, d} 
such that (e, d) = 1, e == ° (mod N) and e;;;' 0; if e = 0, then d = 1. We can also 
choose another set W' for foo \fo(N) so that (*) gives one-to-one map of W' onto 
the set W~ of all ordered couples of integers {e, d} such that (e, d) = 1, e == ° 
(mod N) and d> 0. Using thesesets of representatives, we find that 

(2.1 ) 

E(s, w, N)(z) = yS/2{ 1 + d=~oo C~l w( d)ed1 ( e;) (eNz + dr3/ 2leNz + dl-s} 

= yS/2 ~ ~ w(d)ed1( e; ) (eNz + dr3/ 2!cNz + dl-s, 
d= I c=-oo 

(2.2) 

00 00 ( -eN) -3 2 -s E'(s,w,N)(z)=ys/2N-s/2~ ~ w(d)ed1 d (dz+e) /Idz+el . 
d= I c=-oo 

Let y = <: J) be an element of fo(N). From (1.2) we obtain 

(2.3) E(s, w, N)(y(z» = w(d)j(y, Z)3E(S, w, N)(z). 

From Proposition 1.4 of [6] we obtain 

(2.4) E'(s, w, N)( y(z» = w(d)( ~)j( y, Z)3 E'(s, w, N)(z). 

Both E(s, w, N) and E'(s, w, N) can be analytically continued as meromorphic 
functions to the whole s-plane. Their Fourier expansions can be found in Shimura 
[7] and Sturm [9]. We state the result without proof here. 

For y > 0, a,f3 E C with Re(f3) > 0, define 

W(y, a, 13) = f(f3r 1l°O (u + Ir- 1u.B- 1e -yU duo 
o 

Then W(y, a, 13) can be continued to a holomorphic function in (a, 13) on the whole 
C 2. We shall use the facts W(y, a,O) = 1 and W(y, 1, -1/2) = yl/2Iater on. 

Define tiy, a, 13) for ° < y E Rand n E Z by 

(2.5) 

{
na+.B-1e-2"nYf( ar1 W( 4'lTny, a, 13) 

i a-.B(2'lT ra-.B t n( y, a, 13) = I n la+.B-1e-2?TlnlYf( 13 r 1 W( 4'lT I n I y, 13, a) 

f(ar 1f(f3r 1f(a + 13 - I)(4'lTy)1-a-.B 

(n > 0), 

(n < 0), 
(n = 0). 
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Then we have 

(2.6) 

E(s, w, N)(z) = yS/2{ 1 + n=~ao a(n, s, w, N)tn(y, (s + 3)/2, s/2)e(nx )}, 

where 

and 

(2.7) 
00 

E'(s, w, N)(z) = ys/2N-s/ 2 ~ ben, s, w, N)tn(y, (s + 3)/2, s/2)e(nx), 
n=-oo 

where 

00 ( N) d _ -=-- _I -s-3/2 m nm b(n,s,w,N) - ~ d EdW(d)d ~ (d )e( d ). 
d=1 m=1 

Define primitive characters w(n) and w' by 

( -nN) w(n)(k) = k w(k), w'(k) = W(k)2 

for (k, nN) = 1. Then we can show, for n i= 0, that 

(2.8) LN(2s + 2, w')b(n, s, w, N) = LN(S + 1, w(n))p(n, s, w, N), 

where 

(2.9) pen, s, w, N) = ~p.(a)w(n)(a)w'(b )a-I-Sb-I-2s. 

The last sum is extended over all positive integers a and b prime to N such that (ab)2 
divides n, and p. denotes the Moebius function. For n = 0 we can show that 

(2.lO) b(O, s, w, N) = LN(2s + 1, w')/LN(2s + 2, w'). 

Here we use the notation LN(s, w) = ~(n.N)=1 w(n)n-s. Further we have 

(2.11) a(n, s, w, N) = ben, s, WXN' N)c(n, s, w, N), 
where 

(2.12) 
M 

( ) _ ~ '" (M) ( ) _I (nd) -s-3/2 cn,s,w,N - ,.;.. ,.;.. d wdEde MM. 
NIMIN°O d=1 

c(n, s, w, N) is a finite Dirichlet series when n i= 0. 
Suppose w 2 i= id ("id" denotes the principal character); then s = ° is not a pole of 

LN(S + 1, w(n) for any n. Let us now consider the values of E(s, W, N) and 
E'(s, w, N) at s = 0, which will be denoted by E(w, N) and E'(w, N). Since 
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tn(y, 3/2,0) = ° when n ,,;;;; ° and I c(O,O, w, N) I,,;;;; ~NIMjN°O M- I / 2 < + 00, we obtain 

(2.13) 

E(w, N)(z) = E(O, w, N)(z) 
00 L (1 (- )(n») 

= 1 - 4'17(1 + i) L N ,tX:) (3(n,O, WXN' N)c(n,O, W, N)n l/ 2e(nz), 
n=1 LN 2, w 

(2.14) E'(w, N)(z) = E'(O, w, N)(z) 

_ ( .)~ LN(I,w(n») ( _ ) 1/2 ( ) --4'17 1 +1 ~ (_,) (3 n,O,w,N n e nz. 
n=1 LN 2, w 

We shall show in Lemma 2.3 that E(w, N) and E'(w, N) are elements of fi,(N, w) 
and fi,( N, WX N) respectively. 

In order to find more forms we need 

LEMMA 2.1. Put 
2' 

( V) _ ~ (2V) _I (nd) a 2 ,n - d~ 1 d ed e 2v ' 

a(pV,n)=ep ' f (dv)e(n~) 
. d=1 P P 

(p=l=2) 

where II is a positive integer. Then 
00 

c(n, s,id, N) = II L p-(s+3/2)va(pv, n). 
piN v=e(p) 

PROOF. Let M = 2eM I , e;;;' 2, 2 j M I , then 

d~1 (~)edle( ~) = d~l d~l (2ed12:M~ld2 )e~ld2e( n( ~I + ~;)) 

This proves the lemma. 



578 TING-Yl PEl 

By a straighforward computation we have (cf. Maass [3, p. 140]) 

0, 2v - 2 1 n, 21 P, 

_2v- 3/ 2e"i(//2+3/4) , 

(2.15) a(2V, n) = 2v- 3/ 2e"i(//2+1/4), 

2v - 18( u ~ 3 )e"iU/4, 

2v-2In, 1= n/2v- 2, 21/, 21p, 

2v - 2 1 n, 1 = n/2V - 2, 211, 21 P, 

n = 2v - 3 u, 21u, 21p, 

° 
where 

8(x)={I, 
0, 

otherwise, 21 P, 

x is integer, 
otherwise. 

For p 1= 2 we have 

0, 

(2.16) 

pV-I/2( _n/;V-I), pV-Iln, pVln, 21p, 

a(pv,n)= 
0, pVln,21p, 
_pv-I, 

<1>( pV), 
pv- 1 In,pVl n ,2I p, 
pVln,2I p· 

Here <I> is the Euler function. 
Put 

00 

A(2, n) = ~ 2-3v/ 2a(2V, n), 
v=2 

00 

A(p, n) = ~ p-3v/2a(pv, n) (p1=2). 
v=1 

Let n 1= ° and h(p) be the highest exponent such that ph(p) I n. Then we have, 
from (2.15) and (2.16), 

(2.17) 
4- 1(1 - i)(1 - 3 ·2-(I+h(2»/2), 21h(2), 

A(2, n) = 
4 -I( 1 - i)(1 - 3 .2-(\ +h(2)/2»), 
4- 1(1 - i)(1 - 2- h(2)/2), 

4- 1(1 - i), 

(2.18) A(p, n) = 

21 h(2), n/2h(2) == 1 (mod4), 

21 h(2), n/2h(2) == 3 (mod 8), 

21 h(2), n/2h(2) == 7 (mod 8), 

21h(p), 

( I h(P») 
2 I h ( p ), -n; = -1, 

( I h(P») 
2 I h ( p ), -n; = 1, 
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where p 1= 2. If n = ° we have, from (2.15) and (2.16), 

(2.19) A(2,0) = 4- 1{l- i), A(p,O) = p-l. 
It is easy to verify from (2.17), (2.1S) and (2.19) that 

A(2,4n) - 4- 1(1 - i) = 2- 1(A(2, n) - 4- 1(1 - i»), 
A(p, p 2n) - p-l = p-l(A(p, n) - p-l) (p 1= 2). 

(2.20) 

Suppose N = 4D where D is an odd square-free positive integer. Consider the 
terms with n ,,;;;; ° in both series E(O, id, 4D) and E'(O, XD' 4D). If -n is not a square, 
then the term with e( nx) does not appear in both series, because t nC y, 3/2,0) = ° 
and L 4D(I, X-n) is finite. If n = _m 2 with a nonnegative integer m, 
L4D(l, Xm2 )tnCY, 3/2,0) is finite since 

(s -. 0). 

The term with e(-m2z) appears in both E(0,id,4D) and E(O, XD,4D). By Lemma 
2.1 and (2.17), (2.1S) and (2.19), we have 

C(-m2,0,id,4D) = (4Drl(1 - i) (m;;;. 0). 

Therefore we obtain 

(2.21) E(0,id,4D) - (4Dt{l - i)E'(O, XD,4D) 
00 

= 1 - 4'17(1 + i) ~ L4D(2,idtL4D(I, X_n)/3(n,O, XD,4D) 
n=l 

x{ II A(p, n) -(1 - i)(4Drl}nl/2e(nz). 
pI2D 

This is the formft(id, 4D). Similarly for a positive divisor I of D we have 

00 

= 1 - 4'17{l + i)/l/2 ~ L4D(2,idrlL4D(I, LIn) 
n=l 

X/3(/n,O, XD,4D){ II A(p, In) - (1 - i)(4Drl}nl/2e(nz). 
pl2D 

We denote this form by fl(xI' 4D). For a positive divisor I of 2D we have 

(2.23) 

E(O, XI' SD) - (1 - i)/l/2(SD r l E'(O, X2D/I' SD) 
00 

= 1 - 4'17(1 + i)/l/2 ~ L 8D(2,idtL8D(l, X_ln)f3(ln,O, X2D,SD) 
n=l 

X {A'(2, In) II A(p, In) -(1 - i)(SDr l}n l / 2e(nz), 
plD 
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where 
00 

A'(2, n) = ~ 2-3v/ 2a(2v , n). 
v=3 

We denote this form by iI(X[, 8D). 
So far we took s = 0 in E(s, w, N) and E'(s, w, N). We can take also s = -1 in 

E(s, w, N) and E'(s, w, N) to find holomorphic forms. Namely we put 

f*(w N) =_ E'(s, WXN' N)LN(2s + 2, w') I 
2' 2'lT(I + i)N 1/ 2LN(2s + 1, w') S=-I' 

I ( ) _ E(s, w, N)LN(2s + 2, w') I J2wN-- . 
, 2'lT(I + i)LN(2s + 1, w') s=-I 

Noticing that L(O, w) = 0 if w( -1) = 1 and tn(y, 1, -1/2) = -2'lT(l + i)y1/2e-27Tny 
(n ;;.. 0) we obtain 

* _ 00 LN(O,(WXN)(n») 
(2.24) f2 (w, N) - 1 + ~ ( ,) pen, -1, WXN' N)e(nz), 

n=1 LN -1, W 

(2.25) 

We use these forms later only in some special cases. 
Let us put 

(2.26) A(n,4D) = L4D(2,idrIL4D(I, X_n)p(n,O, XD,4D). 

LEMMA 2.2. If m is a positive divisor of D, we have 

00 

(2.27) g(id,4m) = 1 - 4'lT(I + i) ~ A(n,4D)(A(2, n) - 4-1(1 - i)) 
n=1 

x II (A(p,n)-p-I) II (I+A(p,n))n l / 2e(nz), 
plm plD/m 

(2.28) 

-2-1(1 + i)1l(m)f2(id,8m) 

= 1 - 4'lT(I + i) A(n,4D)(A(2, n) - 4-1(1 - i)) 
n=i 

n=O or 3 (mod 4) 

x II (A(p,n) -rl) II (I +A(p,n))n l / 2e(nz). 
plm plD/m 
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PROOF. Let n = ab2 where a, b are positive integers and a is square-free. For every 
prime factor p of n, h(p) denotes the highest exponent such thatph(p) 1 n. Using the 
functional equation of L-function we have 

L4m(-I,idrIL4m(0, x-J = -L4D(2,idrIL4D(I, x-J 

x II (l-p-l(-a)r l (l-p-2), 
plDjm p 

where r is the conductor of X-a' i.e. r = 4a if 21 a or a == 1 (mod 4), r = a if a == 3 
(mod 4). By (2.9) we have, putting h = h( p), 

Equality (2.27) can be proved after a straightforward computation. 
By Lemma 2.1 and (2.15), (2.16), we can show that c(O, -I, id, Sm) = 

(i - I)p.(m) and, for n *- 0, 

c(n,-1,id,8m) ~ F -l)p(m) 

ifn == 1,2 (mod 4), 

Note that if II pl2m(l - (1» = 0, then 

(A(2, n) - 4-1(1 - i)) II (A(p, n) - rl) = ° 
plm 

from (2.17) and (2.1S). Moreover we have 

LSD(O, X-n) ( ) L 4D(0, X-n) ( ) 
LSD(-I,id) f3 n,-I, XSD,SD = L4D(-I,id) f3 n,-I, XD,4D . 

Now equality (2.2S) can be proved easily. 

LEMMA 2.3. E(w,N),g(w,N),E'(wXN,N) and i2(W,N) belong to E9(N,w); 
Nid, 4D) belongs to E9(4D, id); Nid, SD) belongs to E9(SD, id). 
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PROOF. We need only to prove this assertion for E(w, N). For other cases the 
proof is similar. By (2.2) we have 

E(w, N)(y(z» = w(d)j(y, Z)3 E (W, N)(z) 

for all y = G;) E fo(N). Using I LN(l,(WXN)(n» I,;;;; pt 3/ 2 where n = 1m2, I is 
square-free, p is a constant which does not depend on n [6, Lemma 5]. We have 

E(w, N)(z),;;;; 1 + p ~ t3/ 2( ~ 1 )e-2?1n y ,;;;; 1 + p ~ n3/ 2e-2?1ny,;;;; 1 + py-4, 
n=l ablm n=l 

where p can be different constant. Therefore E( w, N) is holomorphic on H. 
Furthermore for any y = (~~) E SLiZ) and c * 0 we have 

IE( w, N)( y( z »( cz + dr3/ 2 1,;;;; (l + p y-4lcz + d1 8) Icz + dl-3/ 2 ,;;;; py5/2 

when y -> + 00. This shows that E(w, N) is holomorphic at every cusp. Hence it is 
an integral form. 

There is a standard argument (originally due to Petersson) which shows that 
E(w, N) is orthogonal to SeN, w). For the reader's convenience, we give a proof 
here. 

Let fez) = ~~=I cne(nz) be a cusp form in SeN, w). Since Jd lex + iy) dx = 0, 
and 

j(y(z»Im(y(z»(s+3)/2 = w{d .. Jj(y, zr3Ij(y, z)I-2S j(z)y(s+3)/2 

for all y E fo( N), we have 

100 11 -0= y(s+3)/2-2 f(x + iy) dx dy 
o 0 

= 1 E(s, w, N)j(x + iy )y-I/2 dx dy. 
ro( N)\lI 

Here we use the fact that {O ,;;;; x < 1, 0 < y < + oo} is a fundamental domain of 
foo- Taking s = 0 we prove that E(w, N) is orthogonal to SeN, w). 

3. Some operators on M( N, w). Throughout this section f( z) = ~~=o a( n )e( nz) 
denotes a form in M( N, w). 

l. The shift V(m) = m-3/ 4{(0' f), m- I/ 4} is defined by (/1 V(m»(z) = f(mz), 
where m is a positive integer. By Proposition l.3 of [6] we know thatfl V(m) belongs 
to M(mN, wXm). 

2. Hecke operators. Let fo = fo(N) with 41 N. Llo is the image of fo in G under the 
map y ~ y* = {y, j(y, z)}. Put 

a=(~ ~), ~={a,dl/4} (dEZ,d>O). 

Suppose Llo~Llo = U~ILlo~j (disjoint), foafo = U~l foaj with aj = pa), where 
p is the map {y, </>( y)} ~ y from G onto GLi (R). Then we define a linear operator 
T(d) on M(N, w) by 

m 

fl T(d) = d- I/ 4 ~ w(aj)fl ~j' 
j=1 



EISENSTEIN SERIES OF WEIGHT 3/2 583 

where ilj = (~j :). It can easily be seen that T(d) maps M(N, w) and S(N, w) into 
themselves, when d is a square. Let p be a prime and (f I T( p2 »( z) = L~=o b( n )e( nz). 
Then we have [6, Theorem 1.7], 

(3.1) b(n) = a(p2n) + w(p)( ~n )a(n) + w(p2)pa(n/p2). 

We understand that a(n/p2) = 0 if n is not divisible by p2. In particular, if piN 
then b(n) = a(p2n). 

3. Normalizer offo(N). We know that the matrix (~Nv-J), with u, v, Q E Z, Q > 0, 
Q I N, vQ + uN /Q = 1, belongs to the normalizer of fo(N). Let us define an 
element W(Q) in G as follows. Put y* = {y, j(y, z)} for y E f o(4). If 2+ Q, we 
define 

W(Q) = {( ~ o ) 1/4} ( Q Q ,Q . UNQ-I 

={L~ -1 ) ( )1/2} vQ ,€(}QI / 4 UNQ-IZ + V . 

If 41 Q, we define 

W(Q) = {(~ ~1),QI/4(_iZ)1/2}. (U~~N ~)* 

= { ( u~ :~ ) , e-1Ti/4QI/4( UNQ-IZ + v) 1/2}. 

The element W(Q) depends on the choice of u and v. We have, however, 

LEMMA 3.1. Let w = WI W2 where WI' W2 are characters modulo Q and N / Q 
respectively. Then the form g = fl W(Q) does not depend on u and v, and belongs to 
M(N, WI W2 XQ)' 

PROOF. We consider the case 2 + Q. The proof for the case 41 Q is similar. Suppose 
up VI also satisfy vlQ + ulN /Q = 1. Our first assertion follows from the relation 

{ ( 1 0) I 14 } (Q -1 ) * ( V I 1 ) * {( 1 0) -I 14} o Q' Q . UNQ-I V -UINQ-I Q 0 Q-l ' Q 

0)* 1 . 

Let 

( Q -1 ) 
il = UNQ-I V 

and 

bO ) (Q 
do - uN 

-1) (Q 
vQ y uN 
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Then we see easily that N 1 co' do == a (mod4Q) and do == d (mod N /Q). Therefore 
we obtain 

hence 

gly* = J1W{Q)y*W{Qr I W{Q) = wXQ{do)g = w1w2XQ{d)g. 

This completes the proof. 
4. Other operator. For a given form f(z) = ~~=oa(n)e(nz) E M(N, w) and a 

Dirichlet character I/; with conductor m, we define a form h(z) by 
m 

h{z) = ~ ~ (u)f{z + u/m) 
u=1 

m 00 

= ~ ~ (u)e{u/m) ~ I/;{n)a{n)e{nz). 
u=i n=O 

LEMMA 3.2. Let s be the conductor of w. Then h(z) defined above belongs to 
M(N*, w1/;2) where N* is the least common multiple of N, sm,4m and m 2. 

PROOF. This proof is similar to those in the case of integral weight (cf. [8, Proposi-
tion 3.64]). It is sufficient to check the behavior of h(z) under the operator h --+ h 1 y* 
where y = (~N'~) E ro(N*). Put 

a' = a + cuN*/m, 

b' = b + du{l - ad)/m - cd 2u2N*/m 2, 

d' = d - cd 2uN* /m. 

Then a', b', d' are integers, d' == d (mod s) and d' == d (mod 4). We can verify that 

Therefore we have 

hi y = ut ~ {u )fl { (~ u<m), I}. y* 

= w(d) U~i ~ {u)fl {( ~ d2~/m), I} = wI/;2{d)h. 

This proves the lemma. 
We have seen above that E(w, N) (w2 =1= id), fl(id,4D) and Nid,8D), which we 

mentioned in the theorem, are values of E(s, w, N) and E'(s, w, N) at s = o. 
However in the following proof of the theorem in §5 and §6, we shall use g(id, 4D) 
andfiid, 8D) which are the values of E'(s, XD' 4D) and E(s, id, 8D) at s = -1. Now 
we point out that g(id,4D) and .Mid,8D) can be obtained from Nid,4D) and 
Nid, 8D) by applying Hecke operators. Therefore to use them in the proof of the 
theorem is justifiable. 
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For miD, put 
co 

hm{z) = 1 - 4'17{I + i) ~ i\{n,4D)(A{2, n) - 4- 1{I - i») 
n=1 

x II (A{p, n) - p-I) II A{p, n)n l / 2e{nz). 
plm plD/m 

Then we have, by (2.20), 

II{id,4D) I T(4) = 2/1{id,4D) - h1{z), 

hm{z) I T(p2) = phm{z) + (I - P )hmp{z) (mp I D). 

This proves our assertion for H(id, 4 D) = h D( Z ). 

For miD, put 
co 

h;"{z) = 1 - 4'17{I + i) ~ i\{n,4D)A'{2, n) 
n=1 

x II (A{p, n) - p-l) II A{p, n)n 1/ 2e{nz). 
plm plD/m 

Then similarly we have, by (2.20), 

Il{id,8D)IT(p2) = pIl{id,8D) + (I-p)h;(z) (pID), 

h;"(z) I T(p2) = ph;"{z) + (I - p)h;"p{z) (mp I D). 

It is easy to verify by (2.15) that, if n *' 0, 

, . _ {A(2, n) - (1 - i)/4 
A (2, n) - (I - 1)/8 - 3(A(2, n) _ (I - i)/4) 

if n == 0,3 (mod4), 
if n == 1, 2 (mod 4) . 

Hence 
co 

h'v{z) = 1 - 4'17{1 + i) ~ i\{n,4D){A'{2, n) - (I - i)/8) 
n=1 

x II (A{p, n) - r 1)n1/ 2e{nz) 
plD 

co 
-'17 ~ i\{n,4D) II (A{p, n) - r 1)n1/ 2e{nz) 

n=l plD 

= 3H{id,4D) +(l + i)/L{D)/2{id,8D) - 2- 1g{id, D,4D). 
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Therefore our assertion is proved for 12(id, 8D). (g is defined in §5, see Lemma 5.2.) 

4. The values of Eisenstein series at cusps. From now on, when we say d/e is a 
cusp, it always means that d, e E Z, e > ° and (e, d) = l. Let I(z) belong to 
M(N, w) and d/e be a cusp. Then there exists an element p = (~c~) E SLiZ) 
such that p(d/e) = ioo. We call the constant term of the Fourier expansion of 
II {p-I,(ez + a)I/2} at z = ioo the value 01 I at the eusp die, and denote it by 
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V(f, dlc). This value is independent of the choice of a and h. Furthermore we have 

V(f, dlc) = lim f((dz - h)1 (cz + a))(cz + ar3/ 2 

(4.1 ) = lim f(-c-I(cz+ar l +dlc)(cz+ar3/ 2 
Z---+lOO 

Obviously we have V(f, ioo) = limz~ioof(z). 
For every positive divisor c = II PIN pC(p) of N we put g( c) = Ij>« c, N I C» where Ij> 

is Euler's function. Suppose {d I, d 2, ... ,dg(c)} is a full set of representatives of 
(Z/( c, N I c »*. Then the set 

S(N) = {djcll ";;;;i,,;;;;g(c), clN} 

is a full set of representatives of fo(N)-equivalence classes of cusps. The number of 
cusps in S(N) is ~cINIj>«c, Nlc». When we consider the values of a form in 
M(N, w) at cusps, it is sufficient to consider its values at the cusps in S(N) (see 
Lemma 4.2 below). 

We fix an order of the prime factors of N as Po = 2, PI' P2' ... ,Pv. To every 
divisor c of N we attach an ordered (JI + I)-tuple (c(Po)' C(PI)' ... ,c(pv». Arrange 
these (JI + I)-tuples in the lexicographical order. Thus we can define an order among 
the divisors c of N according to the order of (c(Po), C(PI)' ... ,c(pv». We write 
c i -< C2 to mean that C I precedes c2 . 

We recall that if cusps di/c i and d21c2 are fo(N)-equivalent, then (c I , N) = 
(c 2 ' N). 

LEMMA 4.1. If f E M(N, w) and dlc is a cusp such that N I c, then V(f, dlc) = 
w(d)xc(d)edV(f, ioo). 

This follows immediately from the definition. 

LEMMA 4.2. If f E M(N, w) and cusp SI = di/c i is eqUivalent to cusp S2 = d21c2' 
i.e. if there exists an element p = (~~) E fo(N) such that P(SI) = S2' then 

V(f, S2) = wXc(d)edV(f, SI)· 

PROOF. Let 

where ai' hi are integers. Since C I and C2 are all positive, we have 

{ -I ( )I/2} {-I ( )I/2} {-I ( )I/2} PI' C 1 Z + a I = P ,--cz + a . P2' C 2 Z + a 2 , 
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and therefore 

II {p-;\ (c1z + a l )I/2} = w(ah_c(a)fa/l {p;:I,(C2Z + a2)1/2} 

=wXc(d)f~l/l{p;:l, (c2z + a2)1/2}. 

This implies the lemma. 
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In the next several lemmas we discuss the values at cusps of the Eisenstein series 
defined in §2. 

LEMMA 4.3. For E'(w, N) (w2 =1= id) we have V(E'(w, N), 1) = i and 
V(E'(w, N), d/c) = 0 lor any d/c E SeN) with c =1= 1. 

PROOF. By the definition of E(w, N) and E'(w, N) we have 

(-z )3/2 E'( W, N)(z) = i· E( w, N)( -1/Nz). 

Hence VeE', 1) = WeE, ioo) = i by (4.1) and (2.13). Here we put E = E(w, N), 
E' = E'(w, N). Let a be a positive integer such that a =1= 1, a I N and (a, N /a) = l. 
Suppose w = W 1W 2 where WI' W 2 are characters modulo a and N /a respectively. Let 
p be a prime factor of a. From (2.14) we see easily that E' I T(pz) = pE', therefore 
we obtain 

p2 

pE'(z + (l/a» = p-2 L E'(p-2Z + (1 + ka)/ap2). 
k=l 

For any k, 1 + ka is prime to apz, hence 
p2 

(4.2) pV(E', l/a) = p-2 L V(E', (1 + ka)/ap2). 
k=l 

The cusp (1 + ka)/ap2 is fo(N)-equivalent to l/a, i.e. there exists an element 
(~~) E fo(N) such that 

We can find that a == d == 1 (mod a) and d == p2 (mod N /a). In both cases 41 a and 
2\ a, we always have fd = 1 and (~) = l. Hence VeE', (1 + ka)/ap2) = 
wz(p2)V(E',1/a). This implies VeE', l/a) = 0 from (4.2). Now suppose /3 is a 
positive divisor of N, /3 =1= 1. Put m = Ilp1fJP. We can find a positive integer I such 
that «m 2'/3, N), N /(m 2'/3, N)) = l. Using E' I T(m 2') = m'E', we obtain 

2' 
m'V(E', d//3) = m-2' L V(E', (d + k/3)/m 2'/3) = 0 

k=l 

because cusp (d + k/3)/m 2'/3 is fo(N)-equivalent to a cusp l/a of the above type. 
This completes the proof. 

The next lemma follows from Lemma 4.3 immediately. 

LEMMA 4.4. V(E(w, N), ioo) = 1 and V(E(w, N), d/c) = 0 lor any d/c E SeN) 
with c =1= N. 
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LEMMA4.S. 

V(jI(id,4D), 1) = - (1 + i)(4Dr\ 
PROOF. By definition we have 

II(id,4D)(z) = E(0,id,4D)(z) - (1 - i)(4DrIE(0, XD,4D)(-1/4Dz)z-3/2. 

Hence 

II(id,4D)(-1/4Dz)z-3/2 = E'(0,id,4D)(z)- 2DI/2(1 + i)E(O, XD,4D)(z) 

= -2DI/2(1 + i)11(XD,4D)(z). 

Therefore we obtain 

V(jI(id,4D), 1) = lim (4Dzr3/ 2/1(id,4D)(-1/4Dz) = - (1 + i)(4Dt. 

The other equality can be proved similarly. 
In the rest of this section, m, I and /1 always denote positive divisors of D, and a is 

a positive divisor of m. 

LEMMA 4.6. Supposel(z) belongs to fD(8D, XI) and satislies 

II T(p2) = I (p I m), II T(p2) = pi (p I D/m). 
Then we have 

( ) _ ( ) ( )-1/2 -I ( 1/ (a, /)) ( ) V 1,1/a -IL a a a,1 fa/(a,/) a/(a,/) V 1,1, 

( ) () ( ) -1/2 -I ( a / ( a, /)) ( ) V 1,1/4a = IL a a a, I fl/(a,ll-I 1/ (a, /) V 1,1/4 , 

( ) _ ( ) ()-1/2 -I ( 2 ) ( a/ (a, l)) ( ) Vi 1,1/8a - IL a a a, I fl/(a,/)f l (I, a) 1/ (a, /) V 1,1/8 . 

Moreover,f(z) vanishes at 1/2'/1 ;1(/1, D/m) =1= 1, r = 0,2,3. 

PROOF. The last assertion can be proved in the same fashion as we did in Lemma 
4.3. The equality for V(f,I/a) is obvious for a = 1. Assuming it is true for 
V(f, l/a), let us prove it for V(f, l/ap) with ap I m. By means of II T(p2) = Iwe 
have 

p2 

I(z + l/a) = p-2 ~ l(p-2Z + p-2a-I(l + ka). 
k=1 

There exists a unique kl such that 1 ..; kl ..; p, 1 + ak l = ptl; a unique k2 such that 
1 ..; k2 ..; p2, 1 + k 2a = p2t2 , where tl and t2 are integers. Hence we obtain 

(4.3) V(j, l/a) = p-2 V(j,(l + ka)/ap2) 

V(j, (t l + ka)/ap) + pV(j, t2/a). 



EISENSTEIN SERIES OF WEIGHT 3/2 589 

The cusps (1 + ka)lap2, (t l + ka)lap and t2/a are f o(8D)-equivalent to I/ap, 
1 I a p and 1 I a respectively. We suppose p + I first, then using Lemma 4.2, we find 

( ( ) 2)_ -I (11(a,l)) ( ) V f, 1 + ak lap - Eap/(a,l)Ea/(a,l) p V f,I/ap , 

V(j, (t l + ak )Iap) = ( tl : ak) ( al ra,!) ) V(j, I/ap), 

V(j, t2/a) = V(j,I/a). 

Combining these with (4.3), we obtain 

( ) _ -I ( II (a, l)) ( ) V f,I/ap - -PEa/(a,l)Eap/(ap,l) p V f,I/a . 

This implies the equality we desired. 
Ifp II, we find 

2 -I (1 + ak)11 (ap, l)) V(j, (1 + ak )Iap ) = Ea/(a,l)Eap/(a,l) p V(j, I/ap), 

V(j, (t l + ak )Iap) = ( al Ca, I) ) V(j, I/ap), 

V(j, t2/a) = V(j,I/a). 

Then from (4.3) we obtain 

V(j, I/ap) = _p-I/2( r )) V(j, I/a). 
al a, I 

This completes the proof of the equality for V(j, I/a). The other two equalities can 
be proved in the same way. 

SiInilarly we can prove 

LEMMA 4.7. Suppose f(z) belongs to E9(8D, X2/) and satisfies the same conditions as 
in Lemma 4.6. Then we have 

( , ) () ( )-1/2 -I (21-'11 (a, l)) (f 2') V f,I/2a =J-t a a a,1 Ea/(a,l) al(a,l) V ,II (r=O,I), 

( ) () ( ) -1/2 -I ( al (a, I)) ( ) V f,I/8a = J-t a a a, I EI/(a,l)EI II (a, l) V f,I/ 8 , 

andf(z) vanishes at 1/2'/3 if (/3, Dim) =1= 1, r = 0, 1,3. 

LEMMA 4.8. 

V(H(id,4D), 1//3) = -4-1(1 + i)J-t(DI/3)/3D- I Epl , 

V(H(id,4D), 1/2/3) = 0, 

V(H(id,4D), 1/4/3) = J-t(DI/3)/3D- I • 
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PROOF. We see easily from (2.24) thatJ{(id,4D)IT(p2)=J{(id,4D) for any 
prime factor p of 2D. Now we show V(J{(id,4D), 1/2/3) = 0 for any /3. Taking 
p = 2 we have 

4 

J{(id,4D)(z + (1/2/3)) = 4- 1 L J{(id,4D)((z/4) + (1 + 2/3k)/8/3). 
k=1 

The cusp (1 + 2/3k)/8/3 is f o(4D)-equiva1ent to 1/4/3 for any k. By virtue of Lemma 
4.2, we have 

4 

V(J{(id,4D), 1/2/3) = 4- 1 L V(J{(id,4D),(1 + 2/3k)/8/3) 
k=1 

= 4-1 kt ( 1 ~~/3k )el+ 2kV(J{(id,4D), 1/4/3) = o. 

Since V(J{(id,4D), 1/4D) = 1, we have V(J{(id,4D), 1/4) = p,(D)D-1 by Lemma 
4.6. UsingJ{(id, 4D) I T(4) = J{(id, 4D) again, we find 

V(J{(id,4D), 1) = 4-1(1 + i)V(J{(id,4D), 1/4) + 2V(J{(id,4D), 1). 

Here we use the fact that cusp 3/4 is f o(4D)-equiva1ent to 1/4. Therefore 

V(J{(id,4D), 1) = -4-1(1 + i)p,(D)D-I. 

Now the lemma follows from Lemma 4.6. 

LEMMA 4.9. 

V(H(Xw,8D), 1//3) = _2-3/ 2 (1 + i)p,(D//3)/31/2D- I/ 2, 

V(H(Xw,8D), 1/2/3) = 2- 1(1 + i)p,(D//3)/31/2D- I/ 2, 

V(J{(Xw,8D), 1/4/3) = 0, 

V(H(Xw,8D), 1/8/3) = p,(D//3)/31/2D-1/ 2eD/p. 

PROOF. Put h = J{(X2D' 8D). Then we see hi T(p2) = h for any p 12D from 
(2.24). Using the equality for T(4) and the fact that V(h, 1/8D) = 1, we can show, 
as we did in Lemma 4.18, that V(h, 1/4/3) = 0 for any /3, and 

V(h, 1) = _2-3/ 2 (1 + i)p,(D)D-I/2, 

V(h, 1/2) = 2-1(1 + i)p,(D)D-I/2, 

V(h, 1/8) = p,(D)D-1/ 2eD. 

Then the lemma follows from Lemma 4.7. 

LEMMA 4.10. 

V(-2-1(1 + i)p,(D)f2(id,8D), 1//3) = -16-1(1 + i)p,(D//3)/3D- lep l, 

V(-2-1(1 + i)p,(D)f2(id,8D), 1/2/3) = 0, 

V(-rl(l + i)p,(D)f2(id,8D), 1/4/3) = -2-1p,(D//3)/3D-1, 

V(-2-1(1 + i)p,(D)f2(id,8D), 1/8/3) = p,(D//3)/3D- I. 
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PROOF. By definition ofH(X2D' 8D) andfz{id, 8D), we have 

H(X2D' 8D)( -1/8Dz )z-3/2 = 8Dif2(id, 8D )(z). 

Let c be a positive divisor of 8D, since 

(-cz )3/2 f2(id, 8D)( z + c-1) = -i(8D r 1 C3/ 2H(X2D' 8D) 
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X ( czl(8D(z + c-1)) - (c/8D))(-zl (z + C- 1))3/2, 

we have 

V(j2(id,8D), l/c) = -i(8Dtc3/ 2V(H(X2D,8D),-c/8D). 
Now the lemma can be proved by using Lemma 4.9. 

Finally we state the next lemma about the operator W(Q) defined in §3 to 
conclude this section. 

LEMMA 4.11. Suppose an element f of <£( N, w) vanishes at all cusps of S( N) except 
liN. Then g = fl W(Q) vanishes at all cusps of SeN) except I/NQ-l. 

PROOF. This follows easily from the relation 

(Qz - l)(uNz + Vqr1jZ=Q/N = (Q - NIQ)«u - v)Nt 

and the fact that the cusp (Q - NIQ)«u - V)Ntl is ro(N)-equivalent to liN. 

5. Proof of Theorem for <£(4D, Xl). Given a positive integer N, put N = 2e(2)N' 
with odd N'. Let w be a Dirichlet character modulo N such that w( -1) = 1, and r( w ) 
the conductor of w. Then we have (cf. Cohen and Oesterle [1]), if e(2) = 2, 

(5.1) dim<£(N,w)=2 <I>«c, N'lc)) - dim<£(N, 1/2, w); 
clN' 

(c, N'jc)INjr(w) 

if e(2) = 3, 

(5.2) dim <£(N, w) = 3 <I>«e, N'le)) - dim<£(N, 1/2, w); 
clN' 

(c, N'/c)INjr(w) 

if e(2) ;;;. 4, 

(5.3) dim <£(N, w) = <I>«e, Nle)) - dim <£(N, 1/2, w). 
clN 

(c, N/c)IN/r(w) 

Here <I> is the Euler function. 
By Theorem B in [5] we know that dim <£( N, 1/2, w) is equal to the number of 

pairs (I/;, t), where t is an integer;;;' 1, and I/; is a totally even primitive character with 
conductor r( 1/;), such that 

(i) 4r(I/;)2t dividesN, 
(ii) w( n) = 1/;( n hl( n) for all n prime to N. 

(5.4) 

Using (5.1)-(5.4) we can evaluate dim <£(N, w). 
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Throughout this and the next sections, let D denote an odd square-free integer; 
m, I and f3 positive divisors of D; a a positive divisor of m; p the number of prime 
factors of D. By (5.1) and (5.4) we have 

(5.5) dimt9(4D, Xl) = 2v+1 - 1. 

N ow let us define 
00 

g(XI,4D,4D) = 1 - 4'71"(1 + i)/I/2 ~ ;\(/n,4D)(A(2, In) - 4- 1(1 - i)) 
n=1 

x II (A(p, In) - r l )n l/ 2e(nz), 
plD 

00 

g(XI,4m,4D) = -4'71"(1 + i)/I/2 ~ ;\(/n,4D)(A(2, In) - 4- 1(1 - i)) 
n=1 

x II (A(p, In) - p-l)n l/ 2e(nz) 
plm 

for m =1= D. Moreover, for m =1= 1, define 
00 

g(XI' m,4D) = 2'71"/1/2 ~ ;\(/n,4D) II (A(p, In) - p-l)n l/ 2e(nz), 
n=1 plm 

where ;\(n, N), A(2, n) and A(p, n) are defined in §2. 

LEMMA 5.1. Theform g(XI,4m,4D) belongs to t9(4D, Xl) and 

V(g(X o 4m,4D),I/a) 

= -4-1(1 + i)lI.(m/a)am- I/ I/2(1 a)-1/2 e- 1 (//(/, a) ) 
r , a/(/,a) a/(/,a) , 

V(g(XI,4m,4D), 1/4a) = p,(m/a)am- I/ I/2(/, arl/2el/(/ a)( a/ii, aj). 
, 1/ I, a 

It vanishes at the other cusps in S(4D). 

PROOF. First of all we consider the case I = 1. The lemma holds for g(id, 4D, 4D) 
= fz*(id, 4D) by Lemma 4.8. If m =1= D, we have 

(5.6) 

g(id,4m,4D) = -4'71"(1 + i) II p(1 + prl 
plDjm 

00 

X ~ ;\(n,4D)(A(2, n) - 4- 1(1 - i)) II (A(p, n) - p-I) 
n=1 plm 

X II {I + A(p, n) - (A(p, n) - p-I)}nl/2e(nz) 
plDjm 

= II p(l+pt ~ p,(d)f2*(id,4md) 
plD/m dlDjm 
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by (2.27). This shows that g(id, 4m, 4D) belongs to &;(4D, id). By means of (2.20) we 
see that 

(5.7) 
g(id,4m,4D) I T(p2) = g(id,4m,4D) 

g(id,4m,4D) I T(p2) = pg(id,4m,4D) 

From Lemma 4.8 we obtain 

(p 12m), 
(p I Dm- I ). 

V(g(id,4m,4D), 1) = - II pel + pr l ~ JL(d)4- I{l + i)JL(md)(mdr ' 
plDjm dlDjm 

= _4- 1(1 + i)JL(m)m- l . 

Using the equality g I T(4) = g we can show, as we did in the proof of Lemma 4.8, 
that V(g(id,4m,4D), 1/2f3) = 0 for any f3, and 

V(g(id,4m,4D), 1/4) = -4{l + ir IV(g(id,4m,4D), 1) = JL(m)m- l . 

Hence our assertion for m =1= D in the case I = 1 follows from Lemma 4.6. 
N ow consider the case I =1= 1. Since 

g(x,,4m,4D) =g(id,4m,4D)IT(l), 

g(X" 4m, 4D) belongs to &;(4D, X,) (see [6, Proposition 1.5]), and 
'jd 

V(g(x,,4m,4D), 1) = I-I ~d3/2 
dI' 

~ V(g(id,4m,4D), k/ld- ' ) 
k=\ 

(k,ljd)=\ 

= I-I ~d3/2 ~ l5..- V(g(id,4m,4D),1/ld- l ) 
Ijd ( ) 

dI' k=1 I/d 

= -4- I {l + i)JL(m)m- I/ I /2. 

The form g(X" 4m, 4D) also satisfies (5.7); hence the case 1=1= 1 can be proved as in 
the case I = 1. 

LEMMA 5.2. The/orm g(X" m,4D) (m =1= 1) belongs to &;(4D, X,) and 

( ) -I . ( ) -11/2( )-1/2 -I (I/U, a) ) V g(X" m,4D), l/a = -4 (l + I)JL m/a am I I, a fa/(/,a) a/(t, a) . 

It vanishes at the other cusps in S(4D). 

PROOF. Suppose we have already proved that g(X" m, 4D) belongs to &;(4D, X,); 
then we see that g(X" m, 4D) satisfies 

(5.8) g(x" m,4D) I T(p2) = g(X" m,4D) 

g(X" m,4D) I T(p2) = pg(X/, m,4D) 

From the equality g I T(4) = 2g we find 
4 

(p 1 m ), 

(p 12Dm-I). 

2V(g(x" m,4D), 1/4f3) = 4- 1 ~ V(g(X/, m,4D), (l + 4f3k)/16f3) 
k=1 

= V(g(X/, m,4D), 1/4f3); 
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hence V(g(X" m, 4D), 1/4,8) = 0 for any,8. Furthermore we have 
4 

2V(g(x" m,4D), 1/2,8) = 4-1 ~ V(g(X" m,4D), (1 + 2,8k)/8,8) = O. 
k=1 

For the same reason as in Lemma 5.1, it is sufficient to prove this lemma in the case 
1= 1. Put 

J;(id,4D) = 277 ~ .\(n,4D)( II A(p, n) - D-1 )nl/ 2e(nz). 
n=1 plD 

Then, by (2.21), 
00 

fl(id,4D) = 1 - 477(1 + i) ~ .\(n,4D)(A(2, n) - 4-1(1 - i)) 
n=1 

x II A(p, n)n l/ 2e(nz) - f3(id,4D) 
plD 

= D-1 ~ mg(id,4m,4D)-f3(id,4D). 
miD 

Therefore,fiid,4D) belongs to &J(4D,id) and 

V(f3(id,4D), 1) = D-1 ~ mV(g(id,4m,4D), 1) - V(fI(id,4D), 1) 
miD 

= -4-1(1 + i)D-1 ~ /-I(m) + (1 + i)(4Drl = (1 + i)(4Drl, 
miD 

because m =1= 1 implies D =1= 1. 
If D = p is a prime, then g(id, p, 4p) = fiid, 4p), which proves our first assertion. 

Therefore the above computation together with Lemma 4.6 proves the last two 
assertions when D is a prime. Now we use induction on p. Since 

II (1 + pt II (A(p, n) - p-I) 
piP plD 

= II (A(p, n) - p-I) II {(I + A(p, n))(1 + prl - p-I} 
pID/P piP 

=~/-I(t3/d)d,8-1 II (A(p,n)-p-I)II(1+A(p,n))(I+pr l, 
diP pID/P pld 

we obtain 

~ /-1(,8) II (1 + prl II (A(p, n) - p-I) 
PID piP plD 

P*D 

=IIA(p,n)-D-1+ ~ ~/-I(d)d,8-1 II (A(p,n)-p-I) 
plD f31D diP pID/f3 

P*D d*1 

x II (1 + A(p, n))(I + prl. 
pld 
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Therefore 

~ /L(,B) II (1 + prlg(id, D,4D) 
filD plfi 

fi*D 

=/3(id,4D) + ~ ~ /L(d)d,B-1 II (1 +prlg(id,D,B-1,4Dd- I ). 
filD dlfi pld 

fi*D d*l 

(Note the calculation which we did in Lemma 2.2.) By the hypothesis of the 
induction, this shows g(id, D, 4D) belongs to f9(4D, id) and 

~ /L(,B) II (1 + prIV(g(id, D,4D), 1) 
filD plfi 

fi*D 

= (1 + i)(4Drl + ~ ~ /L(d)d,B-1 II (1 + prl(-4-1(1 + i)/L(DI,B),BD- I ) 
filD dlfi pld 

fi*Dd9"1 

= - (1 T :)(4Dr l/L(D) ~ /L(,B) II (1 + prl; 
filD plfi 

fi9"D 

hence V(g(id, D, 4D), 1) = -(1 + i)(4Dt l/L(D). Similarly, as (5.6), we have 

II (1 + p )p-Ig(id, m,4D) = ~ /L(d)g(id, md,4md). 
plD/m dlD/m 

Therefore we find V(g(id, m, 4D), 1) = -(1 + i)(4mt l/L(m). By (5.8) and Lemma 
4.6, this completes the proof. 

To find a basis of f9(4D, XI)' we define 

G(X" 4, 4D) = 1-1/ 2f,lg(XI' 4, 4D), 

and for every prime p with p I D we define 

G(XI' p,4D) = 2(i - 1)/-1/ 2 (/, p)I/2fp/(l Pl( II ~/, p» )g(XI, p,4D). 
, pi I, p 

Furthermore, suppose we have already defined G(XI' 4a, 4D) for a I m, a =1= m, and 
G(XI' a, 4D) for a I m, a =1= 1, m; then for m (=1= 1) we define 

( ) _ -1/2( )1/2 _I ( ml (I, m) ) G x,,4m,4D -I I,m fll(lm) ( ) , II I, m 

X {g(x,,4m,4D) - g(X" m,4D) - p(m)m-'I'I' 

~ ( -1/2 ( a I (I, a) ) } X ~ /L a)a(/, a) f'IU,al 11(1, a) G(x,,4a,4D) , 
a9"m 



596 TING-YI PEl 

( ) _ (. _ ) -1/2( )1/2 ( 1/(/, m) ) G XI,m,4D -2 I 11 I,m Em/(/,m) m/(I,m) 

X {g(X" m,4D) + (1 + ;)(4mf'.(m) 

~ () 1/2( )-1/2 1 ( 1/ (I, a)) ( )} 
X a; J.L a al I, a E~/(I,a) a/ (I, a) G XI' a,4D . 

a""'l,m 

We can see that G(XI' 2rm, 4D) (r = ° or 2) vanishes at all cusps in S(4D) except 
1 and 1/2rm. By a straightforward calculation using Lemmas 5.1 and 5.2 we obtain 

V(G(XI,4m,4D), 1/4m) = V(G(XI' m,4D), l/m) = 1, 

(5.9) ( ( ) ) _ ( .)( )-l( )1/2 -I (m/ (I, m) ) VG x,,4m,4D,1 -- 1+/ 4m I,m EI/(lm) ( )' , 1/ I, m 

( ( ) _ -I 1/2 ( 1/ (t, m) ) VGXI,m,4D),1 --m (I,m) Em/(lm) ( ). , m/ I, m 
Therefore 

G(XI,4m,4D) (miD), G(XI,m,4D) (mID,m=l=l) 

form a basis of £(4D, XI) because of (5.5). This proves the theorem for £(4D, XI)' It 
is easy to see that 

g(XI,4m,4D) (m I D), 

also form a basis of £(4D, XI)' 

g(XI' m,4D) (m I D, m =1= 1) 

6. Proof of Theorem for £(8D, XI) and £(8D, X2/)' We know that 
(6.1) dim£(8D, XI) = dim£(8D, X2/) = 3 ·2" - 1, 

from (5.2) and (5.4). Put 

f4(id,8D) = 27T ~ ;\(n,4D) II (A(p, n) - p-l)n l / 2e(nz), 
nER plD 

where R = {n I nEZ, n;;;' 1, n == 1 or 2 (mod4)}. Then we have, by (2.27) and 
(2.28), 

Here we use A(2, n) - 4- 10 - i) = 3(i - 1)/8 if n E R (see (2.17)). By means of 
Lemmas 4.8 and 4.10 we obtain 

VU4(id, 8D), 1/811) = VU4(id, 8D), 1/211) = 0, 

(6.2) VU4(id,8D), 1/11) = -8-1(1 + i)J.L(D/I1)I1D-IEpl, 

VU4(id, 8D). 1/411) = J.L( D / 11 )I1D- 1• 
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N ow we define 
g(x,,4m,8D) = 277/1/2 ~ A(ln,4D) II (A(p, In) - rl)n l/ 2e(nz). 

'nER plm 

LEMMA 6.1. Theform g(x,,4m, 8D) belongs to 0(8D, X,) and 

( ( 4 8) II ) - 8-1(1 .) ( I) -1/1/2(1 )-1/2 -I (II (I, a) ) V g X" m, D, a - - + I P. m a am , a Ea/(/ a) ( ) . ' , al I, a 

V(g(X" 4m, 8D), 1/4a) = p.(mla)am- I / I /2(1, ar l/ 2E'/(1 a)( a l ?, aj ). 
, II I, a 

It vanishes at the other cusps in S(8D). 

PROOF. Since g(X" 4m, 8D) = g(id, 4m, 8D) I T(l), it is sufficient to prove this 
lemma for I = 1. We have 

g(id,4m,8D)= II p(l+prl ~ p.(d)f4(id,8md), 
plD/m dJD/m 

hence g(id, 4m, 8D) belongs to 0(8D, id). Furthermore from (6.2) we can derive 

V(g(id,4m,8D), 1/8,8) = V(g(id,4m,8D), 1/2,8) = 0, 

V(g(id,4m,8D), 1) = -8-1(1 + i)p.(m)m- I . 

Observe that g(id, 4m, 8D) I T(4) = 0. Therefore we have 

V(g(id,4m,8D), 1/4) = -8(1 + i)-I V(g(id,4m,8D), 1) = p.(m)m- I. 

We can also find that 

g(id, 4m, 8D) I T(p2) = g(id, 4m, 8D) (p 1m), 

g(id, 4m, 8D) I T( p2) = pg(id, 4m, 8D) (p I Dm- I ). 

Therefore the lemma can be proved by Lemma 4.6. 
Now we give a basis of 0(8D, X,). Since 1/8a is ro(4D)-equivalent to 1/4a, 

Lemmas 5.1 and 4.2 show that 

( ( ») ( ) -I 1/2( )-1/2 ( 2al (I, a) ) V g x,,4m,4D ,1/8a = p. mla am I I, a E'/(/,a) II (I, a) . 

We define 
G(X,,4,8D) = 1-1/2Ei lg(X,,4,8D), 

G(X,,8,8D) = 1-1/2Ei lx2(l){g(X,,4,4D) - g(X,,4,8D)}. 

For every m =ft 1 we define 

G(X" m,8D) = G(X" m,4D), 

( ) _ -1/2( )1/2 -I (ml (I, m») G x,,4m,8D -I I,m E,/(/,m) 11(l,m) 

X {g(x,,4m,8D) - 2- lg(X" m,4D) - p.(m)m- I / I /2 

X ~ p.(a)a(l,a fl / 2 E'/(/,a)( ~/«:':j )G(x,,4a,8D)}, 
alm,a*m I ' 
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( ) _ -1/2( )1/2 -I (2m/ (I, m)) G Xt,Sm,SD -I I,m et/(l,rn), I/(I,m) 

X {g(Xt,4m,4D) - g(Xt,4m,SD) - 2- lg(Xt, m,4D) -/L(m)m- I/ I/ 2 

X ~ /L( a)a(l, arl /2et/(l,a)( 2;/(;/~)) ) G(Xt, Sa, SD)}. 
alm,a"cm / ' 

Then by a straightforward calculation using Lemmas 5.1,5.2 and 6.1, we have 

V(G(Xt, m,SD), l/m) = 1 (m =1= 1), 

V(G(Xt,4m,SD), 1/4m) = V(G(Xt,Sm,SD), I/Sm) = 1, 

( ) _ -I 1/2 ( 1/ (I, m) ) (6.3) VG(Xt,m,SD),1 --m (I,m) em/(lrn) ( ) , m/ I, m (m =1= 1), 

V( G(Xt,4m, SD), 1) = -s-l(1 + i)m-I(I, m)I/2ei)(l rn)( m/?, mj ), 
, 1/ I, m 

( ( ) ) _ -I ( . ) -I ( ) I /2 -I ( 2 m / (I, m) ) V G Xt, Sm, SD ,1 - -S 1 + I m I, m et/(l, rn) 1/ (I, m) . 

They vanish at the other cusps in S(SD). Therefore we see that G(Xt, m, SD) 
(m=l=l,mID), G(Xt,4m,SD) (miD), G(Xt,Sm,SD) (miD), form a basis of 
63(SD, Xt) in view of (6.1). This proves the theorem for 63(SD, Xt). 

Now we consider 63(SD, X2t). Define 
g(X2t, m,SD) = g(Xt, m,4D) I T(2) (m =1= 1), 

(6.4) g(X2t,2m,SD) = g(Xt,4m,SD) I T(2), 
g(Xt,Sm,SD) = g(Xt,4m,4D) I T(2). 

The following three lemmas can be proved by the same technique as in the proofs 
of Lemmas 5.1,5.2 and 6.1. 

LEMMA 6.2. The form g(X21' m, SD) (m =1= 1) belongs to 63(SD, X2t) and 
V(g(X2t, m, SD), l/a) = _2-3/ 2 (1 + i)/L(m/a)am-I/ I/ 2(1, ar l / 2 

-I ( 2// (I, a) ) 
Xea/U,a) a/ (I, a) . 

It vanishes at the other cusps in S(SD). 

LEMMA 6.3. The form g(X21' 2m, SD) belongs to 63(SD, X2t) and 

V( g(X2t, 2m, SD), l/a) 

= _2-5/2(1 + .) ( /) -1/1/2(1 )-1/2 -I ( 2// (I, a) ) 
I /L m a am , a ea/(l a) ( ) , , a/ I, a 

V(g(X2t, 2m, SD), 1/2a) 

= 2-1(1 + ,) ( /) -1/1/2(1 )-1/2 -I -I( 1/ (I, a) ) I /L m a am , a ea/(l a)et (). . a/ I,a 

It vanishes at the other cusps in S(SD). 
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LEMMA 6.4. The form g(X2/' Sm, SD) belongs to t9(SD, X2/) and 

V(g(X2/,Sm,SD),I/a) 

= _2-3/2(1 + i),,(m/a)am-I/I/2(1 a)-1/2 e- 1 ( 2// (I, a) ) 
r , a/(/,a) a/ (I, a) , 

V(g(X2/,Sm,SD),1/2a) 

_ 2-1(1 + ') ( /) -1/1/2(1 )-1/2 _I _I ( 1/ (I, a) ) 
- I P. m a am , a ea/(/ a)el ()' , a/ I, a 

( ( )) _ ( ) _I 1/2( )-1/2 ( a/(I, a) ) VgX2/,Sm,SD,I/Sa -p.m/aam I I,a el/(/a) ( ). , 1/ I, a 

To find a basis of t9(SD, X2/)' we define 

G(X2/,2,SD) = (1 - i)/-I/2elg(X2/,2,SD), 

G(X2/,S,SD) = 1-1/2ei l{g(X2/,S,SD) - g(X2/,2,SD)}. 

For every prime pi D, we define 

G( SD) - 21/2(' _ )/-1/2( )1/2 ( 1/ (I, P») ( S) X2/'P, - I 1 l,p ep/(/,p) p/(I,p) g X2/'P, D , 

F or every m =1= 1, we define 

( ) _ 1/2(' _ ) -1/2( )1/2 (21/ (I, m)) GX2/,m,SD -2 I 11 I,m em/(/m) ( ) , m/ I,m 

X {g(X2/' m,SD) + 2-3/ 2(1 + i)p.(m)m- I 
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'" () 1/2( )-1/2 I ( 2// (l,a)) ( )} X ~ P. a al I, a e~/(/,a) a/ (I ) G X2/' a, SD , 
aim,a".cl,m ,a 

G(X2/,2m,SD) = (1 - i)/-I/2(1, m)I/2em/(/ m)el ( I/~' m\) 
, m/ I,m 

X {g(X2/,2m,SD) - 2- lg(X2/' m,SD) - 2- 1(1 + i)p.(m)m-I/I/2eil 

'" () ( )-1/2 I (1/ (l, a) ) ( )} X ~ P. a I, a e~/(/,a) / (I ) G X2/' 2a, SD , 
aim,a".cm a ,a 

( ) _ -1/2( )1/2 _I (m/(l, m)) G X2/,Sm,8D -I I, m 101/(/ m) ( ) , 1/ I, m 

X{g(X2i'8m,8D) - g(X2/,2m,8D) - 2- lg(X2/' m,8D) - p.(m)m- I/ I/ 2 

'" ( ( -1/2 ( a / (l, a) ) } X ~ P. a)a I,a) el/(/,a) I (l ) G(X2,,8a,SD) . 
aim,a".cm / , a 
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Then by means of above lemmas we have 

(6.5) V(G(X2/' m,8D), I/m) = V(G(X2/,2m,8D), I/2m) 

= V(G(X2I,8,8D), I/8m) = 1, 

( ) __ I 1/2 (//(I,m») VG(X2/,m,8D),I --m (I,m) Em/(lm) ( )' , m/ I, m 

V( G(X2I' 2m, 8D), 1) = _2-3/ 2m- I (I, m) 1/2 Em/(I m)EI ( 1/ y' m \ ) , , m/ I, m 

( 8 8) 1) - 2-5/ 2(1 .) -1(1 )1/2 -I (m/ (I, m») V G X2/' m, D, - - + 1 m ,m EI/(I m) ( ). , 1/ I, m 

This shows that G(X2/' m, 8D) (m =1= 1, miD), G(X2/' 2m, 8D) (m 1 D), and 
G(X2/' 8m, 8D) (m 1 D), form a basis of £(8D, X2/)' Now the theorem is proved for 
£(8D, X2/)' 

7. Proof of theorem for £(2e , id) (e ;;;. 4). First of all we state two well-known facts 
about Dirichlet characters. 

LEMMA 7.1. Let I/;i (1 .;;; i .;;; cf>( n )) be all the characters modulo n, where n is a 
positive integer, and aj (1 ';;;j';;; cf>(n)) a full set of representatives of (Z/nZ)*. Then 
the matrix (I/;i(a)) is nonsingular. 

LEMMA 7.2. Let w be a primitive character modulo r, and a, n integers with r In. 
Then L1J7,r) w( a + nb) = O. 

We are going to construct a basis of £(2e , id). Let us take positive integers c = 2' 
and m such that c 12e, m 1 (c, 2e/c). Suppose m =1= 2 and I/; is a primitive character 
modulom. 

Case 1. 2e- 2 .;;; c';;; 2e, m = 1. Note that if c = 2e- 1 or 2e, then m is always 1. 
Define 

G(id, 2e) = G(X2e-3, 8, 8) 1 V(2e- 3), 

G(id,2 e - l ) = G(X2e-4,8,8) 1 V(2e- 4 ) - G(X2e- 3,8,8) 1 V(2e-3), 

G(id,2e - 2 ) = G(X2e- 2 a, a, a) 1 V(2 e- 2/a) - G(X2'-4,8,8) 1 V(2 e- 4 ), 

where a = (8,2e- 2). The conductor of X2,-2 a always divides a. These three forms 
belong to £(2e, id), and 

V(G(id,2e), I/2e) = 1, V(G(id,2e - I ), I/2e - l ) = 1, 

(7.1) V(G(id,2e- I), I/2e) = 0, V(G(id,2 e - 2), d/2 e - 2) = (~)Ed' 

V(G(id,2e- 2), I/2s) = 0 (s = e - I,e), 

by (6.3), (6.5) and (5.9). 
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Case 2.25 .;;;; e .;;;; 2e - 5, 1/;4 oF id. Note that if 1/;4 oF id, then m ;;;;. 25. Define 

m 

h=h(l/;,e)= ~ I/;(k)g(z + kim), 
k=l 

G = G(I/;, e) = hi V(elm). 

Then we know that g E E9(m, 1/;2Xcm) by Lemma 3.1; h E E9(m 2, Xcm) by Lemma 
3.2; and G E E9( me, id) C E9(2e, id). Since g vanishes at all cusps of S( m) except 1 by 
Lemma 4.11, and 

m 

h(z + dlo:) = ~ I/;(k)g(z + dlo: + kim), 
k=l 

h does not vanish only at cusps dim. Furthermore we have V(h, dim) = 
1/;(-d)m3/2V(g, 1). Therefore 

(7.2) V(G,dle)=pl/;(d), V(G,dlo:)=O (elo:,eoFO:). 

Here and below we denote by p a nonzero quantity which does not depend on d. 
Let us put 

m 

h1(1/;)(z) = ~ l/;(k)gl(Z + kim), 
k=l 

m 

h2(1/;)(Z) = ~ l/;(k)g2(Z + kim). 
k=l 

Case 3. 4.;;;; e .;;;; 2e - 3 or e = 2e - 2 , m = 4; 21 r; 1/;4 = id. The condition 1/;4 = id 
implies m = 1,4,8,16. 

(i) m = 1. Define G(id,e) = G(X2,2,8)1 V(eI2). It belongs to E9(4e,id) C 
E9(2e, id), and satisfies (7.2). 

(ii) m = 4. Define G(X_\, e) = h1(X-l) 1 V(eI4). We also have G(X_\, e) E 
E9(2e ,id). It is easy to verify that V(h1(X_l)' d14) = 43/ 2X-l(-d)V(g\, 1) and 
V(h1(X_\), dlo:) = 0 if 0: = 8,16. Hence G(Xl' e) satisfies (7.2). 

(iii) m = 8 or 16. Define G(I/;, e) = hiI/;) 1 V(elm). It belongs to E9(2e,id). The 
form hi 1/;) does not vanish only at cusps dim, and 

V(h 2(1/;), dim) = 1/;(-d)m3/ 2V(g2' 1) + l/;(ml2 - d)(mI2)3/2 

= _2-1/21/;(_d)m3/ 2. 

Here we use V(g2' 1) = _2-3/ 2 by (6.5). Therefore G( 1/;, e) satisfies (7.2). 
There exist four characters Wi (i .;;;; 4) with conductor 16: 

w3(a) = X_l(a)w1(a), w4(a) = xja)w2(a) 

if a == ± 5f (mod 16), 1 .;;;; t .;;;; 4. 
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Case 4. 8 .;;; e .;;; 2e - 3 or e = 2e - 2, m = 4; 2 f r; 1/1 4 = id,1/I =F X-2' w4 • 

(i) m = 1. Define G(id, e) = G(id, 8, 8) 1 V( e 18) - G(id, 4, 4) 1 V( e 12). Then 
G(id, e) E $(2e,id) and 

(7.3) V(G(id, e), die) = V(G(id,8, 8), d18) - V(G(id,4,4), 1/2) 

= X2(d)Ed = 2-1(1 + i)x2(d) + 2-1(1 - i)X_id), 
V(G(id,e),dla) =0 (ela,e=Fa). 

(ii) m = 4. If e';;; 2e- 3, define G(XI' e) = h2(X_I) 1 V(eI4).1t belongs to $(2e,id). 
We have 

V(h 2(X_I)' d14) = 8X_I(-d)V(g2' 1) + 23/ 2X_I(2 - d) = 25/ 2X_I(d) 
and V(h 2(X_I)' dla) = 0 (a = 8,16). Hence G(X_I' e) satisfies (7.2). If e = 2e - 2, 
define h(z) = h2(X_I)(-I/32z)z-3/2, G(X_I' e) = h 1 V(e/8). It is easy to see that 
h E $(32,id) and G(X_p e) E $(2e,id). By a calculation, we can find 

V(h, d18) = 29/2{ ~) EdV(h 2(X_I)' -dI4) = _27{ ~) EdX_I(d) 

and V(h, dla) = 0 (a 132, a =F 8). Furthermore we have 

V( G(X_I' e), die) = _27{ ~ )EdXjd), V( G(X_I' e), dla) = 0 

(aI2 e ,a=Fe). 
(iii) m = 8,1/1 = X2' Define G(X2' e) = hl(X2) 1 V(e/8).1t belongs to $(2e,id). We 

have 

Thus 

(7.4) 

V(h l(X2)' d18) = 83/ 2xid)V(gl' 1) 

+23/ 2X2(2 - d) + 23/ 2X2(6 - d)V(gl' 3/4) 

= _23/2{(I + i)x2(d) -(1 - i)x-2(d)}, 

V(h l(X2)' dla) = 0 (a =F 8). 

V( G(X2' e), die) = _23/2{ (1 + i)X2( d) - (1 - i)x-i d)}, 
V(G(X2,e),dla) =0 (cla,e=Fa). 

(iv) m = 16,1/1= Wj (j = 1,2,3). Define 
m 

hj = ~ wik)G(id,8,8)(z + (kII6», Gj = hjl V(c/I6). 
k=1 

Since wJ = X2' 2 fy, we see that Gj E $(2e , id). We have 

(7.5) V(hj' d1I6) = -8(1 + i)wi-d) + 25/2(wi2 - d) - iwj(6 - d»). 

Here we use V(G(id, 8, 8),1) = -8-1(1 + i) by (6.3). If s ;;.. 5, then 
16 

V(hj' dl2s ) = ~ wi k )Ed+2S-4kX2S(d + 2s - 4k) 
k=1 

4 4 

= ~ Ed+2s-4kX2s(d + 2s - 4k) ~ wik + 4n) = 0 
k=1 n=1 
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by Lemma 7.2. After a straightforward calculation we find 

(7.6) 

V(GI' die) = -8(1 + i)w1(d) + 25/2(W2(d) + w4(d)), 
V(G2, die) = -8(1 + i)w2(d) + 25/ 2i(w 1(d) - w3(d)), 
V(G3 , die) = 8(1 + i)w3(d) + 25/ Z(w2(d) + wid)), 
V(G;,dla) =0 (i=1,2,3;ela,e=l=a). 
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Let d1, d2 , ••• ,dg be a full set of representatives of (Z/16Z)*. Using the fact that 
{wld1), ... ,wldg)} (j= 1,2,3,4) are linearly independent, we can show that 
(V(GJ, d1/e), ... , V(GJ, dg/e» (j = 1,2,3) are linearly independent. (Note that if we 
take 1 ,,;;; j ,,;;; 4 instead of 1 ,,;;; j ,,;;; 3, the four vectors would be linearly dependent.) 

Case 5. e and I/; satisfy anyone of the following three conditions. 
(i) e = 1,2. 

(ii) If e ;;. 6, e = 8, or e = 2e - 3, 2 + e - 3; I/; = X-z. 
(iii) If e ;;. 9, 25 ,,;;; e ,,;;; 2e - 4 , 2 + y; I/; = X-z or w4 • 

In this case we do not define any more forms. 
The total number of pairs (I/;, e), where e 12e, the conductor m of I/; divides 

(e, 2e Ie), is ~cl2' cp« e, 2e Ie». The number of pairs (I/;, e) satisfying (i), or (ii), or (iii) 
of Case 5 is 

(e;;'7), 
(e = 6), 
(e = 5), 
(e = 4). 

This is exactly the dimension of 5)(2e , 1/2,id) (see §5). Hence the number of forms 
{G( 1/;, e)} which we defined in Cases 1-4 equals the dimension of 5) (2 e, id). Consider 
the matrix A = (V( G( 1/;, e), s» where s is a cusp of S(2 e). Every row of A corre-
sponds to a form G( 1/;, e) while every column of A corresponds to a cusp in S(2e). 
These rows (columns) are arranged according to the order of e defined in §5. Among 
those rows (columns) corresponding to the same e, we can arrange them in any 
order. Thus, by means of Lemma 7.1 and (7.1)-(7.5), we see that the rows of A are 
linearly independent. This means that {G(I/;, e)} form a basis of 5)(2e,id). Therefore 
the theorem is proved for 5)(2e , id). 

8. Euler products of some Dirichlet series. Let f( z) = ~~=o a( n )e( nz) be an 
element of M( N, w), that is a common eigenfunction of T( p2) for all primes p, and 
letfl T(pz) = ApJ. Further let t be a positive square-free integer, prime to N. Then 
the formal Dirichlet series ~~=l a(tn 2 )n- s has the Euler product 

~ a(tn 2)n-s = a(t) II [1 - w(p)( -t )p-s] [1 - ApP-s + w(pZ)pl-ZSr 
n=l p p 

[6, Theorem 1.9]. 
Now we consider the form g(X" 4m, 4D). We know that 

g(x,,4m,4D) I T(p2) = g(x,,4m,4D) (p 12m), 

g(x,,4m,4D) I T(pZ) = p. g(x,,4m,4D) (p I Dm-l). 
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Put 

a(n} = A(ln,4D}[A(2, In} - 4- 1(1 - i}] IT [A(p, In} - p-l]n l / 2, 
plm 

where A(ln,4D) is defined in (2.26). Suppose q is a prime with q 12D and 
g(XI' 4m, 4D) I T(q2) = ~':=o b(n )e(nz). It is easy to verify that 

L4D(1, X_lnq2)[A(2, Inq2) - 4-1(1 - i}] IT [A(p, Inq2) - p-I] 
plm 

= L4D(1, X_ln}[A(2, In} - 4- 1(1 - i}] IT [A(p, In} - p-I]. 
plm 

Let In = To2, where T is a positive square-free integer and 0 is a positive integer, and 
h( p) the highest exponent such that ph(p) lin. From the expression 

{3( T02, 0, XD' 4D) 

IT ~ -k IT ~ -k (- T ) ~ -k ( 
(h(P)-I)/2) ( h(p)/2 I h(p)/2 ) 

pl'T,p!2D k=O P pll1,p!2D'T k=O P - P k= 1 P 

we find that if q I T, then 

( 
(h(q)+ 1)/2 ) ( (h(q)-I)/2 )-1 

P(To 2q2,0,XD,4D) = k~O q-k k~O q-k P(T0 2,0,XD,4D); 

if h(q) = 0, then 

{3( 2 2 ) - ( -I ( -IT) -I) ( 2 ) TO q ,0, XD,4D - 1 + q - q q P 'TCJ ,0, XD,4D ; 

if q I 0, q IT, then 

( 
(h(q)/2)+ 1 ( -TI) (h(q~2)+ 1 q-k) 

p('TCJ2q2,0,XD,4D) = k~=O q-k_ .:.. 
q k=1 

( 
h(q)/2 ( -TI) h(q)/2 )-1 

X ~ q-k_ - ~ q-k p('TCJ 2,0,XD,4D). 
k=O q k=1 

From (3.1), if h(q) = 1, we obtain 

b(n} = a(q2n) = (1 + q)a(n}; 

if q I T, h(q) ;;;. 3, we obtain 

{ ( 
(h(q)+ 1)/2 ) ( (h(q)-I)/2 )-1 

b(n)= q ~ q-k ~ q-k 
k=O k=O 

( 
(h(q)-3)/2 ) ( (h(q)-I)/2 ) -1) 

+ ~ q-k ~ q-k a(n} 
k=O k=O 

= (1 + q)a(n}; 
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if h(q) = 0, we obtain 

b(n) = {q( 1 + q-I - ( -~T )q-I) + ( -~T) }a(n) = 1(1 + q)a(n); 

and if q I 0, q f T, we obtain 

{ ( 
(h(q)/2)+ I ( -IT) (h(q)/2)+ I _ ) 

b( n) = q ~ q-k _ _ ~ q k 
k=O q k=1 

+ ~ q-k _ _ ~ q-k ( 
(h(q)/2)-1 ( -IT) (h(q)/2)-1 ) 

k=O q k=1 

X ~ q- - - ~ q-k a( n) ( 
h(q)/2 k ( -IT) h(q)/2 ) -I} 

k=O q k=1 

= (1 + q)a(n). 

Therefore we have 

for any prime qf 4D. Thus ~~=la(tn2)n-s has the Euler product 

~ a(tn2)n-s = a(t) IT (1 - p-srl IT (1 - pl-st 
n= I pI2m plD/m 

X II (1-(-lt)q-S)(1_(1+ q)q-s+ql-2s t 
qj2D q 

= a(t)LD/ m(s,id)L2m(s - 1,id)L2Dt(s, X-/tr\ 

where t is a positive square-free integer, prime to 2D. 
If we consider g(X/, m, 4D), g(X/, 4m, 8D), g(X2/, m, 4D), g(X2/' 4m, 4D) and 

g(X2/,4m,8D), they also satisfy (*). Therefore we can obtain corresponding Euler 
products in the same way. 

Now we consider J;*( w, N). Let ° be a primitive character modulo a positive 
integer r. From Proposition 2 of [7), we have 

00 

~ {l{tm 2, -1, WXN' N)O(m)m- I - S 

m=1 
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