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EISENSTEIN SERIES OF WEIGHT 3 /2.1
BY
TING-YI PEI

ABSTRACT. We prove that in the space of elliptic modular forms with weight 3 /2, the
orthogonal complement of the subspace of cusp forms with respect to the Petersson
inner product is generated by Eisenstein series in some special cases.

1. Introduction. It is a well-known fact that in the space of elliptic modular forms,
the orthogonal complement of the subspace of cusp forms with respect to the
Petersson inner product is generated by Eisenstein series if the weight is an integer
or a half integer = 5/2 (see Hecke [2] and Petersson [4]). The result of Serre and
Stark in [S] gives a somewhat different but similar decomposition for weight 1/2. In
this paper we discuss the same problem for weight 3 /2. We shall prove that under
certain conditions on the level, the orthogonal complement is indeed generated by
some Eisenstein series which are explicitly constructed. We plan to discuss more
general cases in a subsequent paper.

To state our result more precisely, let us introduce the notion of modular form of
half integral weight, following Shimura [6]. Put

+ o0

0(z)= 3 e(n%2),

where z is a variable on the upper half plane
H={z=x+ip€eC|y>0}
and e(z) = e*""2, It is known that
c\ _
0(x(2)) = (g )ed'(ez + ) 0(2)

for ally = (¢5) € T(4), where y(z) = (az + b)(cz + d)' and

1 d=1(mod4),

€= —
i d=3(mod4),
T,(N) = {(‘c’ Z) € SL,(Z)| ¢ = 0 (mod N)}.

The symbol (§) means the quadratic residue. For z € C, we define z'/? so that
-m/2 < arg(z'/?) < m/2. Put

(1.1) j(y,z) = (%)e;‘(cz +d)"* fory € Ty(4).
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We have, if v,, v, € [(4),

(1.2) inrss 2) :j(Yla'Yz(Z))j(Yz’Z)-

Throughout the paper we let k denote an odd positive integer, N a positive integer
divisible by 4, N = I p*(») its prime decomposition, and « a Dirichlet character
modulo N with w(-1) = 1. A holomorphic function f(z) on H is called a modular
form of weight k /2 and character w if

() f(¥(2)) = ©(d) j(v, 2)f(z) for all y = (2}) € T(N),

(ii) f is holomorphic at the cusps of SL,(Z).

The second condition means that for any cusp d/c, there exists an element p =
(%, 5) € SLy(Z) such that p(d/c) = ico and f(p~'(z))(cz + a)™*/? is holomorphic at
z = ioo. The complex vector space of all such fis denoted by M(N, /2, w). We then
denote by S(N, k/2, w) the subspace of cusp forms in M(N, k/2, ), and by
&b(N, k/2, w) the orthogonal complement of S(N, /2, w) in M(N, k/2, w). We
write M(N, ), S(N, w) and &(N, w) instead of M(N,3/2, w), S(N,3/2, w) and
&(N,3/2, w) respectively in this paper. We consider also the group extension G of
GLJ (R) which consists of all the pairs {y, ¢(z)}, where y = (¢%) € GLS (R) and
¢(z)* = adet(y)"/*(cz + d) with | &|= 1. The multiplication law in G is given by

{71,¢|(2)}' {Yz, ¢2(Z)} = {Yle’ ¢1(72(2))¢2(Z)} (Yl’ Y, € GLz+ (R))
If £ = {v, ¢(2)} € G, f € M(N, w), we define the operator f| £ by
(116)(2) = 6(2)f((2)).-

Put = {=({")| m € Z}. Let us define functions E(s, w, N) and E'(s, w, N) by
. 3. -2s
E(s, 0, N)(z) =y 3 o(d,)ily, 2) iy, )|,
YETTo(N)
E'(s,w,N)(z) = E(s,w, N)(~1/Nz)z73/2,
where d_ is the lower right entry of v, z € H and s € C, Re(s) > 3. Let x, and x/,
denote the primitive characters such that
xq(k) = (%) and x,(k) = (S) for (k,4d) = 1.
Now, if w? # id, we define an Eisenstein series E(w, N) by
E(w,N)(z) = E(0,®, N)(z).
If N =4D or 8D, where D is an odd square-free integer, we define Eisenstein series
£,(1d,4D) and £,(id, 8D) by
f,(id,4D) = E(0,id,4D) — (1 — i)(4D)'E'(0, x ., 4D).
£,(id,8D) = E(0,id,8D) — (1 — i)(8D)'E’(0, x,p,8D).
We shall show (Lemma 2.3) that E(w, N) belongs to &(N, w), f,(id,4D) belongs to
&(4D,id), and f,(id, 8D) belongs to &(8D, id). Our main result in this paper is

THEOREM. Let D be an odd square-free integer, | a positive divisor of D, and e an
integer = 4. Then the spaces &(4D, x,), 68D, x,), &@8D, x,,) and &(2¢,id) are
generated by the Eisenstein series E(w, N) (w* # id), £,(id,4D), f,(id, 8D), and their
transforms under suitably chosen elements of G.
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This paper was written during my stay at Princeton University. It is a pleasure to
thank Professor Goro Shimura for his valuable suggestions and encouragement.

2. Eisenstein series of weight 3 /2. We choose a set W of representatives for
T \Ty(N) so that
a b
© (& &) te

is a one-to-one map of W onto the set W, of all ordered couples of integers {c, d}
such that (¢,d) =1, c =0 (mod N) and ¢ = 0; if ¢ = 0, then d = 1. We can also
choose another set W’ for I \T,(N) so that () gives one-to-one map of W’ onto
the set W of all ordered couples of integers {c, d} such that (¢,d)=1, c¢=0
(mod N) and d > 0. Using these sets of representatives, we find that

2.1)

E(s, 0, N)(2) :ys/2{1 £+ 3 S od)eg! () enz + ay 2wz + dP}

d=-00 ¢=1

=y72y 3 w(d)e;,‘(%)(ch +d) Nz +d|

d=1c=-o

(2.2)

E(s.0,N)(2) =y N S S w(d)eg|

d=1 c=-0

—N

7)(dz + ) dz + o

Let y = (} }) be an element of I'y(N). From (1.2) we obtain

(2.3) E(s, 0, N)(v(2)) = &(d)j(v, 2)’E(s, &, N)(2).
From Proposition 1.4 of [6] we obtain
@4 E(se N)((2) = (@) )0 2 E (s 0, N)(),

Both E(s, w, N) and E’(s, w, N) can be analytically continued as meromorphic
functions to the whole s-plane. Their Fourier expansions can be found in Shimura
[7] and Sturm [9]. We state the result without proof here.

Fory >0, a, B € C with Re(B) > 0, define

W(y,a,B)= F(B)—l/:o(u + 1) uB e U dy.

Then W(y, a, 8) can be continued to a holomorphic function in (&, 8) on the whole
C2. We shall use the facts W(y, a,0) = 1 and W(y, 1,-1/2) = y'/? later on.
Definet,(y, a, ) for0 <y € Rand n € Z by

(2.5)
) ne B e 2T (o) W(dmny, a, B) (n>0),
iQm) Py @, B) = | [ n B e 2T (B) W(An | n |y, B, @) (n<0),
T(a)'T(B) 'T(a+ B —1)(4my) " * (n=0).
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Then we have
(2.6)

E(s,w,N)(z) :y‘/z{l + § a(n,s,w, N)t,(y,(s +3)/2, s/2)e(nx)},

n=-oo

where
o cN
_ -s—3/2 (<N [ nd
a(n,s,w,N)—cgl(cN) dglw(d)ed( p )e(cN)
and
(2.7)
E'(s,w, N)(z) =y*/*N~/? 30: b(n,s,w, N)t,(y,(s+3)/2,s/2)e(nx),

where

0 d

b(n,s,w,N)= dz (%)e;lw(d)d“s_wz 21 (%)e(fd—)
=1 m=

Define primitive characters w”) and w’ by
oK) = (T Jalk).  @(k) = (k)

for (k, nN) = 1. Then we can show, for n 5 0, that
(2.8) Ly(2s+2,0)b(n,s,0,N)=Ly(s+ 1,0™)B(n,s,w, N),
where

(29) B(n, 5,0, N) = Sp(a)e(a)w(b)a™ b7 2.

The last sum is extended over all positive integers a and b prime to N such that (ab)?
divides n, and p denotes the Moebius function. For » = 0 we can show that

(2.10) b(0,s,w,N)=Ly(2s+1,0")/Ly(2s + 2, &’).
Here we use the notation Ly (s, w) = 2, yy=; @(n)n"°. Further we have
(2.11) a(n,s,w,N)=b(n,s,wxy, N)c(n,s,w, N),
where

(2.12) c(n,s,w,N):NI%degl(%)w(d)g;le(nﬁd)M-s—:*/Z.

¢(n, s, w, N)is a finite Dirichlet series when n # 0.

Suppose w? 5 id (“id” denotes the principal character); then s = 0 is not a pole of
Ly(s + 1,0™) for any n. Let us now consider the values of E(s,®, N) and
E’'(s,w, N) at s =0, which will be denoted by E(w, N) and E’(w, N). Since
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1,(»,3/2,0) = 0 when n < 0 and | ¢(0,0, @, N) |< Zypqn=M /> < + 00, we obtain
(2.13)
E(w,N)(z) =E0,®,N)(z)

0 — (n)
=1—4n(1+i) D Ly (1, (@xx)")

B(n,0,@xy, N)c(n,0,®, N)n'/%e(nz),

n=1 LN(2’ 6,)
(2.14) E'(w,N)(z)=E'(0,®, N)(z)
= 47(1 + 1)n§ —N%B(n,o, @, N)n'?e(nz).

We shall show in Lemma 2.3 that E(w, N) and E'(w, N) are elements of &(N, w)
and &(N, wx ) respectively.
In order to find more forms we need

LEMMA 2.1. Put

where v is a positive integer. Then

o0
c(n,s,id, N)=1] 3 p*¥P%(p*, n).
pIN v=e(p)

PrROOF. Let M = 2°M, e = 2,2} M|, then

3 (M)ee(2) = 3 3 (s e o[+ 2]

a=1 d,=1d,
2¢ M, .
2¢€ _| (ndg) (2d1) -1 (ndl)
- € : €, € E el —
dzzzl(Mldz) Mt 2 d|E=I M| dy"M\"M,d, M]
M
_ e ! dl ndl
=a(2 ,n)-eMldIEIl(Ml )e( M, )

Here we use the quadratic reciprocity

(5):(2) = o

c
if 2t cd and ¢ > 0, d > 0. Furthermore let M, = M, M, and (M,, M;) = 1, then

o BB 5 ) 5 )
,<

a,= d,=1d;=1
M M
el o 2, (5652
=e22(—e—-e32—e—.
Md2:1 M, M, Md3:| M, M,

This proves the lemma.
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By a straighforward computation we have (cf. Maass [3, p. 140])
0, 2" %4n, 2|,
_21'—3/261ri(l/2+3/4)’ 2v—2 | n, ] = n/zu—Z’ 2 | l, 2 ' v,

2u~3/2e7ri([/2+1/4)’ 2#—2 | n, ] = n/zu—Z’ 2}1’ 2 | v,

(2.15) a(2’,n) =

2”"'8(“7_:)’)e"i“/4, n=2""3u 2tu, 2t»,

0 otherwise, 2tv,
where
8(x) = [ 1, xis 1nt.eger,
0, otherwise.
For p #+ 2 we have
[0, P in,
_ —n/p*~! _
pv 1/2(_/5_)’ pv lln’py+n’ 2}1’,
216) alptm) =1, P In, 24,
_pv—l’ p”“|n,p”}n, 2|V,
o(p”), p’ln, 2|v.
Here ¢ is the Euler function.
Put

A(2,n) = 3 273"/%(2", n),
v=2

A(p,n)= 3 p™>"%a(p’, n)

v=1

(p#2).

Let n # 0 and h(p) be the highest exponent such that p"(?’|n. Then we have,
from (2.15) and (2.16),

(2.17)

4711 = i)(1 = 3-270 /2
471 = i)(1 — 3. 2°0+h@/D),
4711 = i)(1 — 27,
47'(1 - 1),

A2, n) =

p—l — (1 +p)p-(3+h(p))/2’

-1 __ -1—h(p)/2
p 2p ,
(2.18) A(p,n) = ;

2th(2),
2| h(2), n/2"® =1 (mod4),
2| h(2), n/2"® = 3 (mod8),

2| h(2), n/2"® =7 (mod8),
2+h(p),

—n/ph(")) _
2|h(p), (———p 1,

2|h(p), (:"/5—}'(”) =1,
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where p # 2. If n = 0 we have, from (2.15) and (2.16),
(2.19) A(2,0) =47Y(1 — i), A(p,0) =p~".
It is easy to verify from (2.17), (2.18) and (2.19) that
A(2,4n) — 471 — i) = 27'(A4(2, n) — 47Y(1 — i),
A(p, pPn) —p' =p(A(p,n)—p")  (p#2).
Suppose N = 4D where D is an odd square-free positive integer. Consider the
terms with n < 0 in both series E(0,1id,4D) and E’(0, x ,,,4D). If —n is not a square,
then the term with e(nx) does not appear in both series, because ¢,(y,3/2,0) =0

and L,,(1, x_,) is finite. If n = —-m? with a nonnegative integer m,
L,p(1, x,,2)t,(»,3/2,0) is finite since

(2.20)

(1 +5)0(s/2) = 2781+ $)TN((1 +5)/2) =270 (5 0).

The term with e(-m?z) appears in both E(0,id,4D) and E(0, x ,4D). By Lemma
2.1 and (2.17), (2.18) and (2.19), we have

C(-m?,0,id,4D) = (4D)"'(1—i)  (m=0).

Therefore we obtain
(2.21) E(0,id,4D) — (4D)'(1 — i)E'(0, x p,4D)

=1- 477(1 + i) 2 L4D(2’id)_lL4D(1’ X—n)B(n’O’ XD’4D)

n=1

x{ Il A(p,n) —(1 — i)(4p)“}n'/ze(nz).

pi2D

This is the form f,(id, 4 D). Similarly for a positive divisor / of D we have
(222) E(0,x,,4D) — (1 — i)I"/*(4D)"E"(0, x p 1, 4D)

=1—4n(1+ i)' S Lp(2,id) " Lyp(1, x_,)

n=1

X B(In,0, xD,4D){ II 4(p,in) — (1 — i)(4D)_|}n'/ze(nz).

pl2D

We denote this form by f,(x,,4D). For a positive divisor / of 2D we have
(2.23)
E(O» X1’8D) - (1 - i)ll/z(gD)_lE'(O, X2p/1» 8D)

=1—4a(1 +i)"?Y Lyp(2,id) ' Lgp(1, x_,)B(In,0, x5 ,8D)

n=1

X {A’(2, n) [ A(p,In) —(1 — i)(8D)_l}n'/2e(nz),

p|D
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where

o0
AQ2,n) =3 273/2(2%, n).
v=3
We denote this form by f,(x,, 8D).
So far we took s = 0 in E(s, w, N) and E’(s, w, N). We can take also s = -1 in
E(s, w, N)and E’(s, w, N) to find holomorphic forms. Namely we put

E’ ) ’N Ly(2s + > ’
o, Ny = E e VB 2200
27(1 +i)N'2Ly(2s + 1,0') | __,
E(s,®,N)Ly(2s +2,
fz(w,N):—- )N( —/) ‘
2m(1+i)Ly(2s + 1,8") | _

Noticing that L(0, w) = 0 if w(-1) = 1 and ¢,(y,1,-1/2) = 27(1 + i)y'/2e 2™
(n = 0) we obtain

< Ln (O, (“’XN)(n))
L,(-1, )

(2.24) fH(w,N)=1+ B(n,-1, wxy, N)e(nz),

(2.25)
f(w, N)=C(0,-1,%, N)

b LN(Oa (aXN)("))

+ > ——=B(n,-1,wxy, N)C(n,-1,®, N)e(nz).
= Ly(-1,@)
We use these forms later only in some special cases.
Let us put
(2.26) A(n,4D) = L,p(2,id)"'L,p(1, x_,)B(n,0, x p,4D).

LEMMA 2.2. If m is a positive divisor of D, we have

(2.27) f@id,4m) =1 —4=(1 + i) § A(n,4D)(A(2,n) — 47'(1 — i)

n=1

x 11 (a(p,n) =p™") I (1 +4(p, n))n' %e(nz),
pim pID/m

(2.28)
=27'(1 + i)u(m) £,(id, 8m)

Cl—an(1+i) S An,4D)(A(Q2, n) — 471 — i)
nEOO’r'?(lmodti)

X [T (4(p,n) =p™") II (1 + A(p, n))n'/%e(nz).
plm pID/m
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PROOF. Let n = ab? where a, b are positive integers and a is square-free. For every
prime factor p of n, h( p) denotes the highest exponent such that p*?) | n. Using the
functional equation of L-function we have

Lyn(-1,id) "Ly, (0, x_,) = ~Lyp(2,id) ' Lyp(1, x_,)

X 2mr'/2 ] (1 - (‘7"))(1 —p“(%’))_l(l —p)(1-p?)

pi2m
< I (1=r(F) 0=,

where r is the conductor of x_,, i.e.r =4aif 2|aora=1(mod4),r =aif a =3
(mod 4). By (2.9) we have, putting & = h( p),

(h—=1)/2 h/2 g\ /2
s txnam= ("3 0| 1 [50-(2)"8 0

pla, pt2m =0 plb, pi2ma \ (=0 p

(h—1)/2 h/2 —a h/2
= 1I p"""”( 2 p"’) II p"/z( 2p' - (—) 2 p")
=0 =0 P/ =

pla, pi2m plb, pt2ma
(h—1)/2
— h—1
= H p( )/2 H ph/2 H ( E pl)
pla, pR2D plb, pt2Da pla, p|D/m =0

(h/2)—1

h/2
X H (Zp’—(-_—a-) EO p’)ﬁ(abz,O,xDAD).

pla, plb, plD/m \ 1=0 P

Equality (2.27) can be proved after a straightforward computation.
By Lemma 2.1 and (2.15), (2.16), we can show that c¢(0,-1,id, 8m) =
(i — Dp(m) and, forn # 0,

0 ifn=1,2 (mod4),

c(n,-1,id,8m) = (i — Du(m) if ] (1—(:1:1))#0.

pi2m

Note that if IT (1 — (3')) = 0, then
(A(z’ n) - 4_1(1 - l)) H (A(p’ n) —p_l) =0

plm

from (2.17) and (2.18). Moreover we have

LSD(O’ X—n)
—_— -1 ,8D) =
Lop(-1,id) 27 =1 Xs0:8D)

Now equality (2.28) can be proved easily.

LEMMA 2.3. E(w, N), ff(w, N), E'(wxy, N) and fy(w, N) belong to &(N, w);
f1(id, 4D) belongs to &(4D,id); f,(id, 8D) belongs to &(8D, id).

LAD(O’ X-n)

,—1,xp,4D).
L4D(—1,id) B(n Xp )
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PrOOF. We need only to prove this assertion for E(w, N). For other cases the
proof is similar. By (2.2) we have

E(w, N)(v(2)) = w(d) (v, ) E(w, N)(2)
for all y = (*%) € Ty(N). Using | Ly(1,(wxy)™)|< pt’/? where n =1tm? t is
square-free, p is a constant which does not depend on » [6, Lemma 5]. We have

o [e o]
E(o,N)(z)<1+4+p Y 13/2( 3 l)e‘z""y <l+p Y n¥%2™m'<1+py™,

n=1 ablm n=1

where p can be different constant. Therefore E(w, N) is holomorphic on H.
Furthermore for any y = (¢5) € SL,(Z) and ¢ # 0 we have

[E(w. N)(1(2))(ez + d) ™ < (14 py ez + df')lez +d ™ < py/?

when y - + 0. This shows that E(w, N) is holomorphic at every cusp. Hence it is
an integral form.

There is a standard argument (originally due to Petersson) which shows that
E(w, N) is orthogonal to S(V, w). For the reader’s convenience, we give a proof
here.

Let f(z) = 3%, c,e(nz) be a cusp form in S(N, w). Since [ f(x + iy)dx =0,
and

f(Y(Z))Im(Y(Z))(S+3)/2 = Z)(dy)j(y, z)“3|j(y, Z)|‘2‘j(z)y(s+3)/2
for all y € I\)(N), we have

[ s+n2-2 1 .
0 /(;y /(;f(x-f-zy)dxdy

= E(s,®, N)f(x +iy)y™"/*dx dy.
To( NNH
Here we use the fact that {0 <x <1,0<y < + o0} is a fundamental domain of
I',,. Taking s = 0 we prove that E(w, N) is orthogonal to S(N, w).

3. Some operators on M(N, w). Throughout this section f(z) = 3Z%_, a(n)e(nz)
denotes a form in M(N, w).

1. The shift V(m)=m>/*((§'}), m™'/*} is defined by (f| V(m))(z) = f(mz),
where m is a positive integer. By Proposition 1.3 of [6] we know that f| V(m) belongs
to M(mN, wx,,)-

2. Hecke operators. Let Iy = Ty(N) with 4| N. A is the image of I}, in G under the
map y - v* = {y, j(v, z)}. Put

a= ((1) g), ¢={a,d/*) (dEZ,d>0).
Suppose oA, = U Ay, (disjoint), Tpal, = UL Toa,; with a; = P(§;), where
P is the map {v, ¢(v)} > vy from G onto GL; (R). Then we define a linear operator
T(d) on M(N, w) by

17(d) =d"7* 'S w(a)f]E,

J=1



EISENSTEIN SERIES OF WEIGHT 3 /2 583

where a; = ({7 }). It can easily be seen that 7(d) maps M(N, w) and S(N, w) into
themselves, when d is a square. Let p be a prime and ( f| T( p?))(z) = 3%, b(n)e(nz).
Then we have [6, Theorem 1.7],

(3.1) b(n) = a( p*n) + w(p)(%)a(n) + w( p?*)pa(n/p?).

We understand that a(n/p?) = 0 if n is not divisible by p”. In particular, if p | N
then b(n) = a( p*n).

3. Normalizer of T\( N). We know that the matrix (gN;Q‘ ), withu, v, Q €Z, Q >0,
Q|N, vQ +uN/Q =1, belongs to the normalizer of I'y(N). Let us define an
element W(Q) in G as follows. Put y* = {y, j(y, z)} for y € I[,(4). If 210, we
define

— 1 0 1/4 Q -1y
wie) = {(0 Q)’Q ’ ] (uNQ" V)

{18 2o}

If 4| O, we define

o= (5 3o} (05

— {(u?\’ -1 )’e—qri/4Ql/4(uNQ~lz + 0)1/2}‘

The element W(Q) depends on the choice of u and v. We have, however,

LEMMA 3.1. Let w = w,w, where w,, w, are characters modulo Q and N/Q
respectively. Then the form g = f| W(Q) does not depend on u and v, and belongs to
M(N, @,w;X)-

PRrROOF. We consider the case 2t Q. The proof for the case 4| Q is similar. Suppose
u,, v, also satisfy v,Q + u; N/Q = 1. Our first assertion follows from the relation

(15 sk loge T lamer of {6 o))

_ 1 0\*
- ((uvl — uv)N 1) .
Let
0 —1)
uNQ™' v

_ (a0 b _(Q -1 o —1)-l
= e d, —(uN vQ)Y(uN vQ )

S

and
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Then we see easily that N | ¢y, d, = a (mod4Q) and d, = d (mod N /Q). Therefore
we obtain

wm@mer = (5 o) e @a{(y o) et =v{1(5)}:

hence

gly* = AW(Q)y*W(Q) ' W(Q) = wxo(dy)g = &rw,xo(d)s.

This completes the proof.
4. Other operator. For a given form f(z) = 2%_,a(n)e(nz) € M(N, w) and a
Dirichlet character ¥ with conductor m, we define a form h(z) by

W(z)= S ¥ @z +u/m)
u=1

= 37 @e(u/m) 3 pln)a(me(rs).

LEMMA 3.2. Let s be the conductor of w. Then h(z) defined above belongs to
M(N*, wy?) where N* is the least common multiple of N, sm,4m and m>.

PRrOOF. This proof is similar to those in the case of integral weight (cf. [8, Proposi-
tion 3.64]). It is sufficient to check the behavior of #(z) under the operator & — h | y*
where y = (9. b)) € T(N*). Put

a’ =a+ cuN*/m,
b =b+du(l —ad)/m — cd*u’N*/m?,
d’ =d— cd*uN*/m.
Then a’, b’, d’ are integers, d’ = d (mod s) and d’ = d (mod 4). We can verify that

{((1) u/lm)"}'y*:(jv'* 3){((‘) dz';/m),l}.

Therefore we have

“ 0 1
= old) 37wy {(}) /) af = oy

This proves the lemma.

We have seen above that E(w, N) (w® # id), f,(id,4D) and f,(id, 8D), which we
mentioned in the theorem, are values of E(s,w, N) and E’(s,w, N) at s = 0.
However in the following proof of the theorem in §5 and §6, we shall use £3*(id, 4D)
and f,(id, 8D) which are the values of E'(s, x p,4D) and E(s,id,8D) at s = —1. Now
we point out that £*(id,4D) and f,(id,8D) can be obtained from f(id,4D) and
f,(id, 8D) by applying Hecke operators. Therefore to use them in the proof of the
theorem is justifiable.
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For m| D, put

h(z)=1—4x(1 +i) § A(n,4D)(A(2,n) — 47'(1 — i)

=1

X [1(4(p,n)—p') II A(p,n)n'/%(nz).
plm pID/m

Then we have, by (2.20),
£1(id,4D) | T(4) = 2£,(id,4D) — h\(2),
hw(2)| T(p?) = ph,(2) + (1 = p)h,,,(2)  (mp|D).

This proves our assertion for £*(id, 4D) = h(z).
For m| D, put

B(2)=1—dn(l +1) S A(n,4D) A2, n)

n=1

X [1(4(p,n) =p) I 4(p.n)n'/?(nz).

pim pID/m
Then similarly we have, by (2.20),
£(id,8D) | T(p?) = pfi(id,8D) + (1 — p)hy(2)  (p|D),
h(2)| T(p?) = ph,(2) + (1 = p)h,,,(z)  (mp|D).
It is easy to verify by (2.15) that, if n # 0,

AQ2,n) —(1—1i)/4 if n =0, 3 (mod4),

AQ2,n)—(1—1i)/8= {3(A(2, n)—(1—i)/4) ifn=1,2(mod4).

Hence

ho(2) = 1 — da(1+ i) S A(n,4D)(A'2n) — (1 — i) /8)

n=1

X [1 (A(p, n) —p~')n'/?e(nz)
p|D

—2 S A(n.4D) T (A(p. n) — p)n'/2(nz)
n=1 p|D

= 3f#(id,4D) +(1 + i)u(D)£(id,8D) — 27'¢(id, D,4D).
Therefore our assertion is proved for £,(id, 8D). ( g is defined in §5, see Lemma 5.2.)

4. The values of Eisenstein series at cusps. From now on, when we say d/c is a
cusp, it always means that d,c €Z, ¢ >0 and (¢,d) = 1. Let f(z) belong to
M(N, w) and d/c be a cusp. Then there exists an element p = (9. 5) € SL,(Z)
such that p(d/c) = ico. We call the constant term of the Fourier expansion of
f1{p " (cz + a)'/?} at z = ico the value of f at the cusp d/c, and denote it by
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V(f, d/c). This value is independent of the choice of a and b. Furthermore we have

V(f.d/e) = lim f((dz = b)/ (cz + a))(ez + a)™"?

(4.1) = 1lim f(-c'(ez+a)" + d/c)(cz + a)?”?

z—1i00

= lin(l)(—c'r)3/2f(1- +d/c).

Obviously we have V( f, ico) = lim,_ ;. f(2).

For every positive divisor ¢ = Il p“?’ of N we put g(¢) = ¢((c, N/C)) where ¢
is Euler’s function. Suppose {d|, d,,...,d )} is a full set of representatives of
(Z/(c, N/c))*. Then the set

S(N) = {d/c]1 <i<g(c), c|]N}

is a full set of representatives of I'y( N )-equivalence classes of cusps. The number of
cusps in S(N) is 2 y¢((c, N/c)). When we consider the values of a form in
M(N, w) at cusps, it is sufficient to consider its values at the cusps in S(N) (see
Lemma 4.2 below).

We fix an order of the prime factors of N as p, = 2, p,, p,,...,p,. To every
divisor ¢ of N we attach an ordered (» + 1)-tuple (c¢( py), c(p,),.-..,c(p,)). Arrange
these (v + 1)-tuples in the lexicographical order. Thus we can define an order among
the divisors ¢ of N according to the order of (c(p,), c(p,),--.,c(p,)). We write
¢, < ¢, to mean that c, precedes c,.

We recall that if cusps d,/c, and d,/c, are I\ (N )-equivalent, then (c;, N) =
(cy, N).

LEMMA 4.1. If f € M(N, w) and d/c is a cusp such that N |c, then V(f,d/c) =
w(d)x (d)e,V(], i0).
This follows immediately from the definition.

LeMMA 42. If f € M(N, w) and cusp s, = d, /c, is equivalent to cusp s, = d,/c,,
i.e. if there exists an element p = (% 5) € To(N) such that p(s,) = s,, then

V(f,s,) = wx(d)e,V(f,s,).

PROOF. Let
a b
py = ( : dz) € SL,(Z) and p, = p,p.
—C 2
From p™!(s,) = s, we have ¢, = —cd, + ac,, d, = dd, — bc,, hence

_ |4 b,
pl _C| dl s

where a,, b, are integers. Since ¢, and c, are all positive, we have

{p',',(clz + al)‘/z} = {p", (—cz + a)l/z}- {pg', (cyz + az)l/z},
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and therefore
fl {Pilv (e + al)l/z} = w(a)x_(a)e,f] {PEI’(sz + 02)1/2}

:ch(d)ez’fI{Pi‘, (czz + 02)1/2}-
This implies the lemma.

In the next several lemmas we discuss the values at cusps of the Eisenstein series
defined in §2.

LeMMA 4.3. For E'(w, N) (w? #id) we have V(E'(w, N),1) =i and
V(E'(w, N),d/c) =0 for any d/c € S(N) with ¢ # 1.
PrOOF. By the definition of E(w, N) and E’(w, N) we have
(-z)*E"(w, N)(z) = i - E(w, N)(-1/Nz).
Hence V(E’,1) = iV(E, ioc0) =i by (4.1) and (2.13). Here we put E = E(w, N),
E’ = E'(w, N). Let a be a positive integer such that « # 1, « | N and (a, N/a) = 1.
Suppose w = w,w, where w,, w, are characters modulo a and N/« respectively. Let

p be a prime factor of a. From (2.14) we see easily that E’| T( p*) = pE’, therefore
we obtain

2

V4
PE(z+ (1/a)) =p? 3 E'(p7z+ (1 + ka)/ap?).
k=1

For any k, 1 + ka is prime to ap?, hence
p2
(4.2) pV(E' 1/a) =p 2 3 VIE', (1 + ka)/ap?).
k=1
The cusp (1 + ka)/ap? is Ty(N)-equivalent to 1/a, ie. there exists an element

(a b)( I ) 1 Ka

We can find that a = d = 1 (mod «) and d = p* (mod N /a). In both cases 4 | a and
2ta, we always have e, =1 and (§) = 1. Hence W(E’,(l1 + ka)/ap®) =
w,(p?>)V(E’,1/a). This implies V(E’,1/a) =0 from (4.2). Now suppose f is a
positive divisor of N, 8 # 1. Put m =[] o P- We can find a positive integer / such
that (m?8, N), N/(m*B, N)) = 1. Using E’ | T(m?") = m'E’, we obtain

21
m'V(E',d/B) =m™ Y V(E',(d+ kB)/m*B) =0
k=1
because cusp (d + kB)/m?B is T,(N )-equivalent to a cusp 1/a of the above type.
This completes the proof.
The next lemma follows from Lemma 4.3 immediately.

LeEMMA 4.4. V(E(w, N), i) = 1 and V(E(w, N),d/c) =0 for any d/c € S(N)
with ¢ #+ N.
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LEMMA 4.5.
V(f,(id,4D),1) = - (1 +i)(4D)™",  V(f,(id,8D),1) = — (1 + i)(8D)™".

PROOF. By definition we have

£,(id,4D)(z) = E(0,id,4D)(z) — (1 — i)(4D) ' E(0, x »,4D)(~1/4Dz)z73/2.
Hence

£,(id,4D)(~1/4Dz)z73/*> = E’(0,id,4D)(z) — 2D'/*(1 + i)E(0, x p,4D)(z)

= -2D'2(1 +i)fi(xp,4D)(2).
Therefore we obtain
V( f,(id,4D),1) = lim (4Dz)”"%f,(id,4D)(~1/4Dz) = - (1 + i)(4D)"".

The other equality can be proved similarly.

In the rest of this section, m, / and B always denote positive divisors of D, and «a is
a positive divisor of m.

LEMMA 4.6. Suppose f(z) belongs to &(8D, x,) and satisfies
NT(p*)=f (plm),  fIT(p*)=pf (p|D/m).

Then we have

V(f,1/a) = p(a)a(a, 1)“/26;‘/<a,,>( i//—((‘fx%) v(f,1),

V(f.1 /4a) = pa)a(a, 1)“/28,/<a,,)e;'(%(%,’—)))V(f,m,
VU /80) = W@t 1 e g ) (S 1790,

Moreover, f(z) vanishes at 1/2'B if (B, D/m) # 1, r =0,2,3.

PROOF. The last assertion can be proved in the same fashion as we did in Lemma
4.3. The equality for V(f,1/a) is obvious for a = 1. Assuming it is true for
V(f,1/a), let us prove it for V( f,1/ap) with ap | m. By means of f| T( p?) = f we
have

2

P
fz+1/a)=p2 3 f(p2z+p2a’'(1 + ka)).
k=1

There exists a unique k, such that 1 <k, <p, 1 + ak, = pt,; a unique k, such that
1 <k, <p? 1| + k,a = p*t,, where ¢, and ¢, are integers. Hence we obtain

(4.3) V(f1/a)=p? 2 V(f,(1 + ka)/ap?)

1<k<p? ptl +ka

+p /2 S V(f,(t, + ka)/ap) + pV(f, 1,/).
1<k<p,pit, +ka
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The cusps (1 + ka)/ap?, (t; + ka)/ap and t,/a are T(8D)-equivalent to 1/ap,
1/ap and 1/« respectively. We suppose p } [ first, then using Lemma 4.2, we find

V(f’(l + ak)/apz) - ecxp/(a I)Eal/(a I)( l/ (; 1) )V(f l/ap)

V(0 + k) fap) = (22| (s |1 /)

V(f ty/a) = V(f,1/a).
Combining these with (4.3), we obtain
( 1/ (a,1) )
p

V(f,1/ap) = _pea/(a,l)e;}l)/(ap,l) v(/, 1/a).

This implies the equality we desired.
If p |/, we find

( (1+ ak);/(ap, 1) )

(f 1+ “k)/"‘P ) €a/(a, I)Sa;)/(a 0 V(f,1/ap),

V(£ 0+ o) fap) = (s V(1.1 /ap),
V(f’ IZ/O‘) = V(f’ l/a)‘
Then from (4.3) we obtain
V(11 fap) =7 s g1

This completes the proof of the equality for V( f,1/a). The other two equalities can
be proved in the same way.
Similarly we can prove

LEMMA 4.7. Suppose f(z) belongs to &(8D, x,,) and satisfies the same conditions as
in Lemma 4.6. Then we have

V(/.1/2) = p(a)a(a, 1) ;'/(a,l)(w)V(f,l/Z’) (r=0.1).

a/(a,l)
V(f.1/8a) = p(a)a(e, 1) e, e ;‘( ‘}‘//((" ’)) )V(f, 1/8),

and f(z) vanishes at 1/2'8 if (B, D/m) # 1, r =0, 1, 3.

LeEMMA 4.8.
V(3(id,4D),1/B) = -47(1 + i)u(D/B)BD'e;',
V(f+(id,4D),1/28) =0,
V(f+(id,4D),1/48) = u(D/B)BD™".
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PROOF. We see easily from (2.24) that f}(id,4D)| T( p?) = f+(id,4D) for any
prime factor p of 2D. Now we show V(ff(id,4D),1/28) = 0 for any B. Taking
p = 2 we have

£2(id,4D)(z + (1/2B)) = 4™ X (i, 4D)((z/4) + (1 + 2Bk)/8B).

k=1
The cusp (1 + 2Bk) /8B is [\(4D)-equivalent to 1 /48 for any k. By virtue of Lemma
4.2, we have

V(2(d.4D),1/28) = 471 2 V(f(id, 4D). (1 + 25k)/36)

||
M:s

( 1+ 2Bk )el+2kV(f2*(id,4D), 1/4B) =

Since V( f(id,4D),1/4D) = 1, we have V( £#(id,4D),1/4) = p(D)D~' by Lemma
4.6. Using £*(id,4D) | T(4) = f;(id, 4D) again, we find

V(f#(id,4D),1) = 47'(1 + i)V( £#(id,4D), 1/4) + 2V( f¥(id,4D), 1).
Here we use the fact that cusp 3 /4 is I',(4D)-equivalent to 1 /4. Therefore
V(fx(id,4D),1) = -47'(1 + i)p(D)D".
Now the lemma follows from Lemma 4.6.
LeEMMA 4.9.
V(f3(X2p-8D).1/B) = ~27/2(1 + i)u(D/B)B/?D~/2,
V(/#(X20.8D).1/28) = 27'(1 + i)u(D/B)B/*D"/2,
V(f#(x20,8D),1/4B) =0,
V(£#(x20,8D),1/88) = “(D/B)BI/ZD—I/ZED/B

PrROOF. Put h = f*(x,p,8D). Then we see h|T(P*) = h for any p|2D from
(2.24). Using the equality for 7(4) and the fact that V(h,1/8D) = 1, we can show,
as we did in Lemma 4.18, that V(h, 1/48) = 0 for any 8, and

V(h,1) = =221 + i)u(D)D"/?,
V(h,1/2) =27'(1 + i)u(D)D/?,
V(h,1/8) = (D)D" 2,
Then the lemma follows from Lemma 4.7.
LeEMMA 4.10.
V(-27'(1 + i)u(D)£(id,8D), 1/B) = -167'(1 + i)u(D/B)BD'e5',
V(-27'(1 + i)u(D)£,(id, 8D),1/28) = 0,
V(-27'(1 + i)u(D)£(id,8D), 1/4B) = -2"'u(D/B)BD",
V(-27'(1 + i)p(D)£,(id,8D), 1/88) = p(D/B)BD™".
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PRrOOF. By definition of £¥(x,p, 8D) and f,(id, 8D), we have
#(x2p,8D)(-1/8Dz)z73/? = 8Dif,(id, 8D)(z).
Let ¢ be a positive divisor of 8D, since
(~ez)**£,(id,8D)(z + ¢™') = ~i(8D) ' ¥ *f#(X1p, 8D)
X (ez/(8D(z + ¢™")) — (¢/8D))(-z/ (2 + c“))3/2,
we have
V(£,(id,8D),1/¢) = —i(8D) "'/ *¥( f#(X2p,8D), —c/8D).
Now the lemma can be proved by using Lemma 4.9.

Finally we state the next lemma about the operator W(Q) defined in §3 to
conclude this section.

LEMMA 4.11. Suppose an element f of &(N, w) vanishes at all cusps of S(N) except
1/N. Then g = f| W(Q) vanishes at all cusps of S(N) except 1/NQ~".

PrOOF. This follows easily from the relation
(Qz = 1)(uNz + V) '|.=g/n = (@ = N/Q)((u = 0)N)™'
and the fact that the cusp (Q — N/Q)(u — v)N)™" is [y( N )-equivalent to 1 /N.

5. Proof of Theorem for &(4D, x,). Given a positive integer N, put N = 2°®ON’
with odd N’. Let w be a Dirichlet character modulo N such that w(-1) = 1, and r(w)
the conductor of w. Then we have (cf. Cohen and Oesterle [1]), if e(2) = 2,

(5.1) dim&(N,w) =2 > o((c, N'/c)) —dim&(N,1/2, w);
c|N’
(¢, N'/S)N/r(w)

ife(2) = 3,
(5.2) dim&(N,w) =3 > ¢((c, N'/c)) — dim&(N,1/2, w);

c|N’
(¢, N'/c)IN/r(w)

if e(2) = 4,

(53) dim&(N,w) = > ¢((¢, N/c)) — dim&(N,1/2, w).
c|N
(¢, N/O)N/r(w)

Here ¢ is the Euler function.

By Theorem B in [5] we know that dim&(N, 1/2, w) is equal to the number of
pairs (¢, t), where ¢ is an integer = 1, and  is a totally even primitive character with
conductor r(y), such that

(i) 4r(¢)’t divides N,
(ii)) w(n) =y(n)x,(n) forall nprimeto N.
Using (5.1)—(5.4) we can evaluate dim &( N, w).

(5.4)
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Throughout this and the next sections, let D denote an odd square-free integer;
m, | and B positive divisors of D; a a positive divisor of m; » the number of prime

factors of D. By (5.1) and (5.4) we have

(5.5) dim&(4D, X1) =vtl— 1.
Now let us define

g(x,,4D,4D) =1 —4x(1 + i)I'/? § A(in,4D)(A(2,In) — 47'(1 — i))

n=1

X I&J(A(p, In) = p~')n'/%(nz),

g(x,,4m,4D) = —-4x(1 + i)I'/? § A(In,4D)(A(2,In) — 47'(1 — i))

n=1

X II-[ (A(p,In) — p~")n'/%(nz)

for m # D. Moreover, for m # 1, define

g(x;, m,4D) = 2a1'/* 3 XN(in,4D) [[ (A(p, In) — p~")n'/%e(nz),

n=1 plm

where A(n, N), A(2, n) and A( p, n) are defined in §2.

LEMMA 5.1. The form g(x,,4m,4D) belongs to &(4D, x,) and
V(g(x,,4m,4D),1/a)

=471 + i)u(m/a)am™1"/2(1, a) %! ( /(1 a) )

/N oy (1, a)

171/2 -1/2 a/\La) [, @
V(g(x;,4m,4D),1/4a) = p(m/a)om™1"/*(1, a)" 8’/"’“’( 1//€l,a; )

It vanishes at the other cusps in S(4D).

ProOF. First of all we consider the case / = 1. The lemma holds for g(id,4D,4D)
= f#(d,4D) by Lemma 4.8. If m # D, we have

g(id,4m,4D) = —4z(1 +i) [ p(1+p)”
pID/m

(56) < SN ap) (@ m =47 = D) T (4(p.m) =p)
x 1 {1+A(p,n)—(A(p,n)—p"‘)}n'/ze(nz)
p|D/m

= II p+p)" T w(d)fr(id,4md)

p|D/m diD/m
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by (2.27). This shows that g(id, 4m, 4D) belongs to &(4D, id). By means of (2.20) we
see that
(5.7) g(id,4m,4D) | T( p?) = g(id,4m,4D)  (p|2m),

’ g(id,4m,4D) | T(p?) = pg(id,4m,4D)  (p|Dm™").

From Lemma 4.8 we obtain
V(g(id,4m,4D), 1) == ] p(1+p)" 3T w(d)4'(1 + i)u(md)(md)"
plD/m dD/m
=471+ i)u(m)m.
Using the equality g | T(4) = g we can show, as we did in the proof of Lemma 4.8,
that ¥(g(id,4m,4D),1/28) = O for any B, and
V(g(id,4m,4D),1/4) = —4(1 + i)' V(g(id,4m,4D), 1) = p(m)m™".

Hence our assertion for m # D in the case / = 1 follows from Lemma 4.6.
Now consider the case / # 1. Since

g(x,,4m,4D) =g(id,4m,4D)|T(1),

g(x,,4m,4D) belongs to &(4D, x,) (see [6, Proposition 1.5]), and
l/d
V(g(x;,4m,4D), 1) =17'3d** ¥  V(g(id,4m,4D), k/ld™")
A <k,llc/:d§=1
1/d k
=1'34? S (l—g)V(g(id,4m,4D),l/ld‘l)
d!l k=1 /

=471+ i)u(m)m1"/2,

The form g(x,,4m,4D) also satisfies (5.7); hence the case / # 1 can be proved as in
the case / = 1.

LEMMA 5.2. The form g(x,, m,4D) (m # 1) belongs to &(4D, x,) and

. . , 172
V(g(x;» m,4D),1/a) = -47'(1 + i)p(m/a)am™1'"*(1, a) Ea/(l,a)( a/ (1, )
It vanishes at the other cusps in S(4D).

PROOF. Suppose we have already proved that g(x,, m,4D) belongs to &(4D, x,);
then we see that g(x,, m, 4D) satisfies

(5.8) g(x;» m,4D) | T(p?) = g(x,, m,4D)  (p|m),
g(x;» m,4D)| T( p?) = pg(x,, m,4D)  (p|2Dm™).

From the equality g | T(4) = 2g we find

4
2V(g(XI7 m’4D)’ 1/43) = 4-1 2 V(g(XI’ m’4D)’ (1 + 4Bk)/]618)
k=1

V(g(x;, m,4D),1/4B);
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hence V(g(x,, m,4D),1/4B) = 0 for any B. Furthermore we have

4
2V(g(x;, m,4D),1/28) = 47" 3 V(g(x,» m,4D), (1 + 2Bk)/88) = 0.
k=1

For the same reason as in Lemma 5.1, it is sufficient to prove this lemma in the case
/= 1. Put

£(id,4D) = 27 é A(n,4D)( IIIDA(p, n) — D-‘)n'/2e(nz).

Then, by (2.21),

£,(id,4D) =1 — 4=(1 + i) § A(n,4D)(A(2,n) — 47'(1 — i)

n=1

X [[ A(p, n)n'/%e(nz) — £,(id, 4D)
»|D

= D" Y mg(id,4m,4D)—£,(id, 4D).
m|D
Therefore, f;(id, 4D) belongs to &(4D, id) and

V(£(id,4D),1) = D' 3, mV(g(id,4m,4D),1) — V( £,(id,4D),1)
m|D

= 471+ i)D" S p(m) + (1 +i)(@D)" = (1 + i)(4D)™",
m|D

because m # 1 implies D # 1.

If D = p is a prime, then g(id, p,4p) = f;(id, 4p), which proves our first assertion.
Therefore the above computation together with Lemma 4.6 proves the last two
assertions when D is a prime. Now we use induction on ». Since

Ma+p)" M (4(p.n)—p™)

piB plD
= 11 (A(p,n)—p )T {0 +A(p.n)(1 +p)" —p7)
pID/B piB
=S u(B/d)dp™" T (4(p.n)—p") I (1 +A4(p.n)(1+p)",
dB pID/B pld
we obtain
S eBITa+p) " I (4(p.n)—p™)
BB;IEDD plB plD
=[T4(p,n)—D"'+ 3 X u(@)ap" I (4(p,n)—p™")
plD BﬂJéDD ddlfl rID/B

X ['L(l +A(p,n))(1+p)".
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Therefore
Y w(B)II (1 +p)'g(id, D,4D)
BID PIB
B#D

=f£,(d,4D) + ¥ 3 p(d)dB'[I (1 + p)'g(id, DB, 4Dd"").
BID 4B pld
B#D d#*1
(Note the calculation which we did in Lemma 2.2.) By the hypothesis of the
induction, this shows g(id, D,4D) belongs to &(4D,id) and

3 u(B)q?(l +p)'V(g(id, D,4D),1)
BID Pl
B#D

=(1+i)@Dp)" + 3 T w(d)dp [[(1 +p)"(-47'(1 + i)u(D/B)BD™")

AD 4B Pid
B#D d#*1
=-(1+:)@Dp)'w(p) I wBIMO+p)"
) 2I8

B#D

hence V(g(id, D,4D),1) = —(1 + i)(4D) 'w(D). Similarly, as (5.6), we have

[I (1+p)p's(id, m,4D)= 3 u(d)g(id, md,4md).
pID/m dD/m

Therefore we find V(g(id, m,4D),1) = —(1 + i)(4m) 'u(m). By (5.8) and Lemma
4.6, this completes the proof.
To find a basis of &(4D, x,), we define

G(x,,4,4D) = I"'/¢/'g(x,,4,4D),
and for every prime p with p | D we define

1/ (p)
p/ (1, p)

Furthermore, suppose we have already defined G(x,,4a,4D) for a|m, a # m, and
G(x,, @,4D) for a | m, & # 1, m; then for m (# 1) we define

G(x;» p,4D) = 2(i — 1)I7V/*(1, p)l/zep/(/,,,)( )g(x,, p.4D).

_ _ m/ (I, m
G(x;,4m,4D) = 17'/2(1, m)l/zfl/]u,m)(%((lnx)l)

X {g(x,,4m,4D) — g(x;»m,4D) — p(m)m'1'/?

-1 a/ (1, a)
X a% p(a)a(l, a) / 8[/(1,&)(W)G(XI’4Q’4D)}9

aF=m
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1/ (1, m) )

G(x,s m,4D) = 2(i = NI, m)‘/zem/u,no( m/ (1, m)

X {g(xu m,4D) + (1 + i)(4m) ' p(m)

am a/ (1, a)

aF*1l,m

xS wla)al(, a)“”e;;u,a)(M)Gma,w)}.

We can see that G(x,,2'm,4D) (r = 0 or 2) vanishes at all cusps in S(4D) except
1 and 1/2"m. By a straightforward calculation using Lemmas 5.1 and 5.2 we obtain

V(G(x,,4m,4D),1/4m) = V(G(x,;, m,4D),1/m) = 1,
(5.9) V(G(x,;,4m,4D),1) = —(1 + i)(4m)”'(4, m)l/zef}(,,m)(%),

AN

- 1/2
VG m4D).1) = 0 ) e 1

Therefore
G(x,,4m,4D) (m|D), G(x;,,m,4D) (m|D,m# 1)

form a basis of &(4D, x,) because of (5.5). This proves the theorem for &(4D, x,). It
is easy to see that

g(x;,4m,4D) (m|D),  g(x,,m,4D) (m|D,m #1)
also form a basis of &(4D, x,).

6. Proof of Theorem for &(8D, x,) and &(8D, x,,). We know that
(6.1) dim&(8D, x,) = dim&(8D, x,,) =3-2" — 1,
from (5.2) and (5.4). Put

f4(id,8D) = 20 3 N(n,4D) [] (A(p, n) — p~')n'/%e(nz),
n€eR p|D

where R={n|n €Z, n=1, n=1 or 2 (mod4)}. Then we have, by (2.27) and
(2.28),

f(id,4D) + 27'(1 + i)n(D) £,(id, 8D) = 3 /2 - £,(id, 8D).
Here we use A(2,n) — 47'(1 —i) = 3(i — 1)/8 if n € R (see (2.17)). By means of
Lemmas 4.8 and 4.10 we obtain
V(f£,(id,8D),1/88) = V(£,(id,8D),1/2B) = 0,
(6.2) V(/u(id,8D),1/B) = -87'(1 + i)u(D/B)BD"e5',
V(£(id,8D),1/4B) = p(D/B)BD".
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Now we define

g(x,,4m,8D) = 2ml'/? 3 N(In,4D) [] (A(p, In) — p~')n'/%e(nz).
mER plm

LEMMA 6.1. The form g(x,,4m,8D) belongs to &(8D, x,) and

V(g(x,;,4m,8D),1/a) = -87'(1 + i)u(m/a)am™"1'/*(l, a)_l/ze;l/(,,a)(%),

V(g(xl’4m’8D)’ 1/4(1) = u(m/a)am-lll/z(l, a)_l/zsl/(l,a)(_(lx//((ll_::'_)) )

It vanishes at the other cusps in S(8D).

PRrOOF. Since g(x,,4m,8D) = g(id,4m,8D) | T(!), it is sufficient to prove this
lemma for / = 1. We have

g(id,4m,8D) = [ p(1+p)" 3 wu(d)f(id,8md),
p|D/m dD/m

hence g(id, 4m, 8D) belongs to &(8D, id). Furthermore from (6.2) we can derive

V(g(id,4m,8D),1/88) = V(g(id,4m,8D),1/2B) =0,
V(g(id,4m,8D),1) = -8 '(1 + i)p(m)m".
Observe that g(id, 4m, 8D) | T(4) = 0. Therefore we have
V(g(id, 4m,8D),1/4) = -8(1 + i)"'V(g(id,4m,8D), 1) = u(m)m™".
We can also find that
g(id, 4m,8D) | T(p?) = g(id,4m,8D)  (p|m),

g(id,4m,8D) | T( p*) = pg(id,4m,8D)  (p|Dm™).

Therefore the lemma can be proved by Lemma 4.6.
Now we give a basis of &(8D, x,). Since 1/8a is I'y(4D)-equivalent to 1/4a,
Lemmas 5.1 and 4.2 show that

V(g(x;,4m,4D),1/8a) = p(m/a)am™'1'/(l, a)_l/zsl/(l.a)( 2_;1/4(%:‘)_) )
We define
G(x,,4,8D) = 1""2¢'g(x,,4,8D),
G(x,,8,8D) = I7/2;'x,(1){g(x,,4.4D) — g(x,,4,8D)}.
For every m # 1 we define
G(x;, m,8D) = G(x,, m,4D),

G(x,4m,8D) = I7/2(l, ’")l/zﬁf/lu,m)(%m_)))

X {g(x/»4m,8D) — 27'%(x,, m,4D) — p(m)m™"1'/*

- l,
X a|m§¢m#(a)a(l, a) 1/251/(1’0‘)( %)G(x,,4a, 8D)},
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2m/ (l,m))
1/ (1, m)

X {g(x154m’4D) - g(X1,4m,8D) - 2_1g(XI’ m’4D) - l"‘(’n)rn—lll/2

G(x,,8m,8D) =17'3(1, m)l/zef/l(/.m)(

“1,2 2a/ (1, a
Xa!m§¢mﬂ(a)a(1, a) gl/(,,a)(l//fg’ajl)G(x,,Sa,8D)}.

Then by a straightforward calculation using Lemmas 5.1, 5.2 and 6.1, we have
V(G(x;, m,8D),1/m) =1 (m+#1),
V(G(x,,4m,8D),1/4m) = V(G(x,,8m,8D),1/8m) =1,

(6.3) V(G(x,,m,8D),1)=—m‘1(l,m)l/zem/(,,m)(’i—//(<1—l’,r%) (m=#1),

X N 12 m/ (I, m
V(G(x,,4m,8D),1) = -8 (1 + i)™ (1, m) /28,/“,,,,)(—,// ) )

V(G(x,,8m,8D), 1) = —8-(1 + i)m~\(1, m)‘/zs,—;(,,m)(-zl—’;%”)’—)).

They vanish at the other cusps in S(8D). Therefore we see that G(x;, m,8D)
(m+1,m|D), G(x,,4m,8D) (m|D), G(x,,8m,8D) (m|D), form a basis of
&(8D, x,) in view of (6.1). This proves the theorem for &(8D, x,).

Now we consider &(8D, x,,). Define

g(XZIvm’8D):g(XI’m’4D)|T(2) (m#:l)’
(6.4) 8(x2,2m,8D) = g(x,,4m,8D) | T(2),
g(x,,8m,8D) = g(x,,4m,4D) | T(2).

The following three lemmas can be proved by the same technique as in the proofs
of Lemmas 5.1, 5.2 and 6.1.

LEMMA 6.2. The form g(x,,;, m,8D) (m # 1) belongs to &(8D, x,,) and

V(g(xa, m,8D),1/a) = -272(1 + i)u(m/a)am™"1"/3(l, a)?
Xs;‘/(, Y 21/ (1, a) .
“Na/(l,a)

It vanishes at the other cusps in S(8D).

LEMMA 6.3. The form g(x,,,2m,8D) belongs to &(8D, x,,) and

V(g(XZ,,Zm, 8D), 1/0‘)

=20+ D/ @am™ 11 0 e o 24502,

a/ (1, a)
V(g(x22m,8D),1/2a)

=271+ u(m/a)am™"1'/2(1, a)_l/zs;‘/(,'a)e,"‘(——(i//((ll’,i)) )

It vanishes at the other cusps in S(8D).
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LEMMA 6.4. The form g(x,;, 8m, 8D) belongs to &(8D, x,,) and
V(g(x2,8m,8D),1/a)

171/2 121 2/ AL o
= -27/(1 + i)u(m/a)am™1"/*(1, a) 8“/(”")(%),

V(g(x2,8m,8D),1/2a)

= 211 + i)(m/@)am™ V(1 @) e, ,,)e,-‘( ———i// ((’l ‘(’x)) )
— -171/2 -1/2 a/(l, @)
V(8(x2,8m,8D),1/8a) = p(m/a)am™"1'/%(1, a) €1 /(1,a) /(L))

To find a basis of &(8D, x,,), we define
G(x2,2,8D) = (1 —i)I7'%e,8(x 4, 2,8D),
G(x2,8,8D) = 17" %/'{g(x2/,8,8D) — g(x2,2,8D)}.
For every prime p | D, we define

/(L p)

p/(l p))g(XZI’ P78D)

G(xa1> p,8D) = 2'/2(i — 1)I71/2(1, P)l/zep/u,p)(

For every m # 1, we define

G(xa, m,8D) = 22(i — 1)I7'/3(1, m)l/zem/u,m)(um—))

m/ (1, m)

X {g(le, m,8D) + 273/2(1 + i)u(m)m™!

1 21/ (l,a)
X pla)al'/*(1, a) 1/2£a| « (———)G(X ,a,8D)¢,
a|m,a2=#l,m ( ) /) a/ (l,a) >

1/ (1, m) )
m/ (1, m)

X 1g(x,,2m,8D) — 27'g(x,,, m,8D) — 2711 + )u(m)m™'1'/2¢;!
2 21 1

G(x4,2m,8D) = (1 —i)I7"/?(1, m)l/zem/(,‘m)s,(

R a)-‘”e;‘/u,a)(%ﬁ’,—’j—)))c(xﬂ,za,w)},

m/(l, m
G(X21v8m’8D) = 1—1/2(1’ m)l/zsl—/l(/,m)(T/((ﬁn—)))

X{g(x2/,8m,8D) — 8(x2,2m,8D) — 27'g(x5,, m,8D) — p(m)m™'1'/?

X ‘ > ,u(a)a(l,a)-l/zgl/(lta)(%%:—;)G(xz,ﬁaﬁD)}.
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Then by means of above lemmas we have

(6.5) V(G(x4 m,8D),1/m) = V(G(x,,,2m,8D),1/2m)
V(G(x,,8,8D),1/8m) = 1,

V(G(xa, m,8D), 1) = -m™'(l, m)l/zem/u,m)( M)

m/ (1, m)
(G 2m.8).1) = 20, ) | S,
V(G( 8m, 8D = _2-5/2 ) -1 1/2__ m/ (1, m)
Xar» 8m,8D), 1) = 2721+ m (L m) e um | 05y |-

This shows that G(x,;, m,8D) (m # 1, m|D), G(x,;,2m,8D) (m|D), and
G(X,; 8m,8D) (m| D), form a basis of &(8D, x,,). Now the theorem is proved for
8(8D» X21)~

7. Proof of theorem for &(2¢,id) (e = 4). First of all we state two well-known facts

about Dirichlet characters.

LEMMA 7.1. Let ; (1 <i < ¢(n)) be all the characters modulo n, where n is a
positive integer, and a; (1 <j < ¢(n)) a full set of representatives of (Z/nZ)*. Then
the matrix (Y/(a;)) is nonsingular.

LEMMA 7.2. Let w be a primitive character modulo r, and a, n integers with r}n.
Then I/ w(a + nb) = 0.

We are going to construct a basis of &(2¢,id). Let us take positive integers ¢ = 2"
and m such that ¢|2°¢, m|(c,2¢/c). Suppose m # 2 and ¢ is a primitive character
modulo m.

Case 1. 2°°2< ¢ <2° m = 1. Note that if ¢ = 2°"! or 2¢, then m is always 1.
Define

G(id,2°) = G(x,-3,8,8) | V(2¢73),
G(id,2°7") = G(x:-+,8,8) | V(2°7%) — G(x,-3,8,8) | V(2°7?),
G(id,2°7%) = G(xpe-24, @, a) | V(272 /a) — G(x 5+, 8,8) | V(2¢7*),

where a = (8,2¢72). The conductor of x,.-2, always divides a. These three forms
belong to &(2¢,1id), and

V(G(id,2¢),1/2¢) =1, V(G(id,2¢7"), 1/2¢71) = 1,
(7.1)  v(G(@d,2¢7"),12°) =0, V(G(id,2¢7%),d/2°7 %) = (%)sd,
V(G(id,2¢72),1/2°) =0 (s=e—l,e),

by (6.3), (6.5) and (5.9).
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Case 2.2° < ¢ <2°7° y* #id. Note that if y* # id, then m = 2°. Define
g=g(y,c) = E(y7x., m)| W(m),
h=h(4.0)= 3 UR)s(z + k/m).
G=G({,c)=h|V(c/m).

Then we know that g € &(m, Y2x,,,) by Lemma 3.1; h € &(m?, x.,,) by Lemma
3.2; and G € &(mc,id) C &(2¢,1d). Since g vanishes at all cusps of S(m) except 1 by
Lemma 4.11, and

h(z+d/a)= 3 Y(k)g(z +d/a+ k/m),
k=1

h does not vanish only at cusps d/m. Furthermore we have V(h,d/m) =

Y(-d)m*/?V(g, 1). Therefore

(7.2) V(G,d/c) =py(d), V(G,d/a)=0 (c|a,c+# a).

Here and below we denote by p a nonzero quantity which does not depend on d.
Let us put

8 =G(id,4,8), g, = G(x,,2,8),

W#)() = S UKz + k/m),

() = 3 W(k)z + k/m).

Case 3. 4<c<23orc=22 m=4; 2|r; y* = id. The condition y* = id
implies m = 1,4, 8, 16.

(i) m=1. Define G(id, ¢) = G(x,,2,8) | ¥(c/2). It belongs to &(4c,id) C
&(2¢,1d), and satisfies (7.2).

(ii)) m = 4. Define G(x_,,c)=h(x_)| V(c/4). We also have G(x_,,¢) €
&(2¢,id). It is easy to verify that V(h,(x_,),d/4) = 4*/*x_(-d)V(g;,1) and
V(hi(x_;), d/a) = 0if a« = 8, 16. Hence G(x,, c) satisfies (7.2).

(iii) m = 8 or 16. Define G({, ¢) = h,(Y) | ¥V(c/m). It belongs to &(2¢,id). The
form h,(¢) does not vanish only at cusps d/m, and

V(hy(¥), d/m) = $(-d)m*/*V(g,, 1) + 4(m/2 — d)(m/2)
= 2712y (-d)m/>.

3/2

Here we use V(g,, 1) = -273/2 by (6.5). Therefore G(y, c) satisfies (7.2).
There exist four characters w, (i < 4) with conductor 16:

tmi/2 3tmi/2
b ’

w(a)=e w,(a)=e
wy(a) = x_(a)w,(a), wy(a) = x_(a)w,(a)

ifa==+5"(mod16),1 <r<4.
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Cased.8<c<2Porc=22m=4;24r; Y* =id, ¥ # X _,, w,.
() m=1. Define G(id,c)= G(id,8,8)| V(c/8) — G(id, 4,4)| V(c/2). Then
G(id, ¢) € &(2¢,id) and :

(1.3) W(G(id, c), d/c) = V(G(id,8,8), d/8) — V(G(id, 4,4),1/2)
= xa(d)eg =271 + i)xa(d) + 27'(1 — i)x _o(d),
V(G(@d,c),d/a) =0  (c|a,c#a).
(ii) m = 4. If e < 2°73, define G(x,, ¢) = h,(x_;) | ¥(c/4). It belongs to &(2¢,id).
We have
V(h2(X-|)a d/4) =8x_1(-d)V (g, 1) + 2,2 —d) = 2/2x_\(d)
and V(hy(x_,),d/a) =0 (a = 8,16). Hence G(x_,, ¢) satisfies (7.2). If ¢ = 2¢72,
define h(z) = hy(x_ N(~1/322)z7*/%, G(x_,,¢) = h| V(c/8). It is easy to see that
h € &(32,id) and G(x_;, ¢) € 6(2¢,1d). By a calculation, we can find
2 2
V(h,d/8) = 2/ 2 )eab(halxa), 4/4) = 2[5 eax ()
and V(h,d/a) = 0 (a| 32, a # 8). Furthermore we have
c
V(G(X—l’ c), d/c) = _27(2)84X-1(d), V(G(X—l’ c), d/a) =0

(a]2° a+#c).
(iii) m = 8,y = x,. Define G(x,, ¢) = h,(x,) | V(c/8). It belongs to &(2¢,id). We
have

V(hl(Xz)’ d/8) = 83/2X2(d)V(81’ 1)
+2%2x,(2 —d) + 2>/%x,(6 — d)V(g,,3/4)
= ‘23/2{(1 +i)x,(d) —(1 - i)x_(d)},
V(hl(Xz)’d/a) =0 (a+38).
Thus
V(G(xas ), d/e) = -272{(1 + i)xo(d) — (1 — i)x_o(d))},
V(G(x5.¢),d/a) =0  (c|a,c+#a).
(iv)m = 16,y = w, (j = 1,2,3). Define

(7.4)

h= S w(k)G(d.8.8)(z + (k/16)). G, =h | V(c/16).

Since w; = x,, 21v, we see that G, € 6(2¢,id). We have
(7.5)  V(h,,d/16) = -8(1 + i)w;(-d) + 2%/*(w;(2 — d) — iw;(6 — d)).

Here we use V(G(id, 8,8),1) = —-87'(1 + i) by (6.3). If s = 5, then
16

2 “’j(k)ednr“sz:(d +2°7%)
k=1

4 4

= 2 Egia—a X (d +2°7%) wj(k +4n)=0
k=1 n=1

V(h,;,d/2°)
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by Lemma 7.2. After a straightforward calculation we find

V(G,,d/c) = -8(1 +i)w(d) + 2% (wy(d) + w,(d)),
V(G,,d/c) = -8(1 +i)wy(d) + 2°%i(w,(d) — ws(d)),
V(Gy, d/c) = 8(1 + i)wy(d) + 2%/ %(w,(d) + w,(d)),
V(G;,d/a) =0 (i=1,2,3;cla, c# a).

Let d,, d,,...,dg be a full set of representatives of (Z/16Z)*. Using the fact that
{wj(d)),...,w(dg)} (j=1,2,3,4) are linearly independent, we can show that
(V(G;, d,/c),..., V(G;, dg/c)) (j = 1,2, 3) are linearly independent. (Note that if we
take 1 <j < 4 instead of 1 <j < 3, the four vectors would be linearly dependent.)

Case 5. c and ¢ satisfy any one of the following three conditions.

i) c=1,2.

(i)Iffe=6,c=80rc=232te—3; ¢y =x_,.

(i) Ife=9,2°<c<2°% 2ty; ¥ = x_, Or w,.
In this case we do not define any more forms.

The total number of pairs (¢, ¢), where c|2¢, the conductor m of ¢ divides
(¢,2¢/¢), is Z 45 #((¢, 2°/c)). The number of pairs (, c) satisfying (i), or (ii), or (iii)
of Case 5 is

(7.6)

e—4 (e=7),
3 (e=6),
2 (e =5),
2 (e =4).

This is exactly the dimension of &(2¢,1/2,id) (see §5). Hence the number of forms
{G(¥, ¢)} which we defined in Cases 1-4 equals the dimension of &(2¢, id). Consider
the matrix 4 = (V(G(¥y, c¢), s)) where s is a cusp of S(2¢). Every row of A corre-
sponds to a form G(y, ¢) while every column of A4 corresponds to a cusp in S(2¢).
These rows (columns) are arranged according to the order of ¢ defined in §5. Among
those rows (columns) corresponding to the same ¢, we can arrange them in any
order. Thus, by means of Lemma 7.1 and (7.1)—(7.5), we see that the rows of 4 are
linearly independent. This means that {G(y, ¢)} form a basis of &(2¢,id). Therefore
the theorem is proved for &(2¢,id).

8. Euler products of some Dirichlet series. Let f(z) = 2%_,a(n)e(nz) be an
element of M(N, w), that is a common eigenfunction of T( p?) for all primes p, and
let f|T(p*)=A pf- Further let ¢ be a positive square-free integer, prime to N. Then
the formal Dirichlet series 3°°_, a(tn*)n~* has the Euler product

n=1

2 almtine = "(’”}[1 —o(p)Z )= 2+ wlp)p 2]

n=

[6, Theorem 1.9].
Now we consider the form g(x,,4m,4D). We know that

g(x,,4m,4D) | T( p*) = g(x,,4m,4D)  (p|2m),
g(x,,4m,4D) | T(p*) = p-g(x,,4m,4D)  (p|Dm™).
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Put
a(n) = A(in,4D)[ A2, In) — 47'(1 — )] [I [4( p, In) — p~"]n'/?,
plm
where A(/n,4D) is defined in (2.26). Suppose ¢ is a prime with ¢{2D and
g(x,,4m,4D) | T(g*) = %, b(n)e(nz). It is easy to verify that

L4D(l’ X—Inqz)[A(z’ Ian) - 4_l(1 - ’)] Il-.[ [A(p7 Ian) _P—l]

= L4D(1’ x-ln)[A(z’ In) — 4-1(1 - ’)] II-I [A(P’ In) _P—l]~

Let In = 702, where 7 is a positive square-free integer and o is a positive integer, and
h( p) the highest exponent such that p”(») | In. From the expression

,B(’TGZ,O,XD,4D)
H ((h(]?)—l)/2 H h(p)/2 _Ir h(p)/2
= 2 p"‘) ( 2 p"‘—(—) 2 p‘k)
plm,pi2D k=0 plo,pt2DT \ k=0 p k=1

we find that if ¢ | 7, then

(h()+1)/2 ) ((h(q)‘l)/2
gk

a1
B(*rozqz,O, xD,4D) = ( > > q"") B(’TOZ,O, xD,4D);
k=0 k=0

if h(q) = 0, then
—1
B(10%¢*,0, x ,4D) = (1 +q7' -~ (77)4“)/3(702,0, Xp,4D);
ifg|o, g7, then

2

k=0

B(’rozqz,(), XD,4D) =

(h(g)/)+1 / (h(q)/2)+1
—k T -k
N E

h(q)/2 1 h(q)/2
. )

2 q—k —
k=0

From (3.1), if A(q) = 1, we obtain

b(n) = a(q’n) = (1 + q)a(n);
if g| 7, h(q) = 3, we obtain

(h(g)+1)/2 (h(g)—1)/2 -1
b(")={q( ) q"‘)( ) q"‘)

k=0 k=0
(h(g)—3)/2 (h(g9)—1)/2 -1
> g > q‘*) a(n)

+

k=0 k=0

= (1 +¢g)a(n);
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if h(q) = 0, we obtain

o) = a1+ a7 = (F2)a) + () atn) =10 + @)ato

and if ¢ | o, g1 7, we obtain

(h(ti)/2)+1 _It (h(tl)/2)‘H
so=tfo| 3 - ()T o)
k=0 9

h(q)/2 q9) -1
<[ - (%«? g

(h(q)/2)—1 _Ir (h(@)/)—1
+ 2 q"‘—(—) 2 q"‘)
k=0 9 k=1
h(q)/2 s h(q)/2 -1
<[ - (2 ) S ¢ ) a(n)
k=0
=(1+ q)a(n).

Therefore we have
(*) g(x;,4m,4D) | T(q*) = (1 + q)g(x,,4m,4D)

for any prime gt 4D. Thus Z%_,a(tn*)n"* has the Euler product

Sa(m)ne=a(t) [ 1—p=)" I (1-p")"

n=1 pl2m p|D/m
—It -
x 1 ( ( p )q‘s)(l —(1+q)g +q)"
qi2D

= a(t)LD/m(s’id)LZm(s - l’id)Lth(s7 X—lr)~l

where 1 is a positive square-free integer, prime to 2D.

If we consider g(x,, m,4D), g(x;,4m,8D), g(x,, m,4D), g(x,,,4m,4D) and
g(x,,,4m, 8D), they also satisfy (). Therefore we can obtain corresponding Euler
products in the same way.

Now we consider f;(w, N). Let § be a primitive character modulo a positive
integer r. From Proposition 2 of [7], we have

§ B(tm?, -1, wx v, N)o(m)m™'—*

= LNr(S + 1’0(‘°XN)(1))—1LM(5’ 6w’ )L(s + 1,0).
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